K3 SURFACES WITH INVOLUTION, EQUIVARIANT ANALYTIC 

TORSION, AND AUTOMORPHIC FORMS ON THE MODULI 

SPACE II: A STRUCTURE THEOREM FOR r(M) > 10 

KEN-ICHI YOSHIKAWA 

r-* ■ Abstract. We study the structure of the invariant of K3 surfaces with in- 

volution, which we obtained using equivariant analytic torsion. It was known 
before that the invariant is expressed as the Petersson norm of an automorphic 
form on the moduli space. When the rank of the invariant sublattice of the 
i\3-lattice with respect to the involution is strictly bigger than 10, we prove 
that this automorphic form is expressed as the tensor product of an explicit 
Borcherds lift and Igusa's Siegel modular form. 
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Introduction 

In this paper, we study the structure of the invariant of A3 surfaces with invo- 
lution introduced in [58] . Let us recall briefly this invariant. 

A A3 surface with holomorphic involution (A, t) is called a 2-elementary A3 
surface if t acts non-trivially on the holomorphic 2-forms on X. Let L^ 3 be the 
K3 lattice, i.e., an even unimodular lattice of signature (3, 19), which is isometric 
to H 2 (X, Z) endowed with the cup-product pairing. Let M be a sublattice of L^ 
with rank r(M). A 2-elementary K3 surface (X, t) is of type M if the invariant 
sublattice of H 2 (X, Z) with respect to the (,-action is isometric to M. By [43], 
M C L/f3 must be a primitive 2-elementary Lorentzian sublattice. The parity of 
the 2-elementary lattice M is denoted by S(M) G {0, 1} (cf. [45] and Sect.lL2|). 



Let M 1 - be the orthogonal complement of M in La'3- Let fljfi be the period 
domain for 2-elementary K2> surfaces of type M, which is an open subset of a 
quadric hypersurface of P(M ± ® C). We fix a connected component 0,f. x of VL M ±_ , 
which is isomorphic to a bounded symmetric domain of type IV of dimension 20 — 
r(M). Let T> M ± be the discriminant locus of ^t,,±, which is a reduced divisor on 
fi^A- Let 0{M- L ) be the group of isometries of M 1 - . Then 0(M ± ) acts properly 
discontinuously on £l M ± and T> M ±. Let + (M- L ) be the subgroup of 0{M ± ) with 
index 2 that preserves fi^_L ■ The coarse moduli space of 2-elementary K3 surfaces 
of type M is isomorphic to the analytic space M° M± = {^m± \T^m ± )/0 + (M ± ) via 
the period map by the global Torelli theorem [47] , [14] . The period of a 2-elementary 
K3 surface (X, l) of type M is denoted by m M (X, l) £ M° M ±. 

Let (X, i) be a 2-elementary i^3 surface of type M. Let k be an t-invariant 
Kahler form on X. Let X 1 be the set of fixed points of i and let X L = ^\ Cj be 
the decomposition into the connected components. Let r\ £ H°(X, £l x ) \ {0}. In 
[58j . we introduced a real- valued invariant 

T M {X,L)^yol(X 1 (2ir)- 1 K,) 1 ^ iM1 T Z2 {X,K,)(L)Y[Vol(C u (27ry 1 K\ c MC t ,n\c z ) 
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where rz 2 (X, k) (t) is the equivariant analytic torsion of (X, k) with respect to 
the Z2-action induced by t, r(Ci,K|ci) is the analytic torsion of (Ci,K\c t )) and 
Ci {X l ,k\ X ') is the first Chern form of {X u ,k\ x ,). (See g], [5], [48] and Sect.0) 
Since tm{X, l) depends only on the isomorphism class of {X, l), we get the function 

t m : M° M ± 3 fi((I, l) -4 tm(X, t) G R> - 

By |58j , [6 2) , there exists an automorphic form $m on £l~t,r± with values in a certain 
+ {M )-equivariant holomorphic line bundle on fi"L_D such that 

tm = II^A/ir^, div$A/ = ^P M i, i/ e Z >0 . 

Here || • || denotes the Petersson norm. By [58], <&m is given by the Borcherds 
^-function [7J, [5] when M is one of the two exceptional lattices in Proposition 12. II 
For an arithmetic counterpart of the invariant tm , we refer the reader to |37j . 

In this paper, we give an explicit formula for tm for a class of non-exceptional 
M. We use two kinds of automorphic forms to express tm, i-e., the Borcherds lift 
\&jyj-(-,.FjVfx) and Igusa's Siegel modular form Xgi which we explain briefly. 

In [TJ, [5], Borcherds developed the theory of automorphic forms with infinite 
product expansion over domains of type IV. For an even 2-elementary lattice A of 
signature (2,r(A) — 2), we define the Borcherds lift ^a{',Fa) as follows. 

Let A A be the discriminant group of A, which is a vector space over Z/2Z. 
Let CL4a] be the group ring of A A and let p A : Mp 2 {Z) — > GL(C[A A }) be the 
Weil representation, where Mp2(Z) is the metaplectic double cover of ST^Z). Let 
{e 7 } 7Sy ![ A be the standard basis of CL4a]. Let tj(t) be the Dedekind 77-function 
and set ?7i-82 8 4- 8 ( T ) = ?7(t) _8 ?7(2t) 8 77(4t)~ 8 . Let 9 a +(t) be the theta function of 
the (positive-definite) ^i-lattice. Then 771-8284-8 (t) and 9 a +(t) are modular forms 
for the subgroup MTo(4) C Mp2(Z) corresponding to the congruence subgroup 
r (4) C SL 2 {Z). Following [10] and [51], we define a CL4A]-valued holomorphic 



function -Fa(t) on the complex upper half-plane fj as 

(0.1) F A (r)= J2 {%-2 S4 -B^- r(A) }| (tJpaO?- 1 )^. 



g GMr (4)\Mp 2 (Z) 



Here we used the notation <fi\g{ T ) — ( ft( cT+d )( cr + d)~ k for a modular form </>(t) for 
Mr (4) of weight A; with certain character and g = (("^), Vct + d) e Mp 2 (Z). By 
[TO] and [51], F\(t) is an elliptic modular form for Mp^ifL) of type pa with weight 
2 — ^j^. Then \E'a(',-Fa) is defined as the Borchcrds lift of Fa(t), which is an 
automorphic form on fi^ f° r + (A) by [9] . (See f|8.3|) for an explicit infinite product 
expression of * A (. 7 F A ).) The Petersson norm ||\I> M j_(-,F M i)|| 2 is an + (M ± )- 
invariant function on Q M ± and the value W 1 ^ m ±(wm(X, l),F m ±)\\ makes sense. 

Recall that Xg 1S the Siegel modular form on the Siegel upper half-space & g of 
degree g defined as the product of all even theta constants (cf. [30] ) 

(0.2) x g (£)= II M-£)> ^e© 9 , xo = i- 

(a.b) even 

Then \g gives rise to another function on M° M ±_ as follows. For a 2-elementary 
K3 surface (X, l) of type M, let X' denote the set of fixed points of l. By [15] . 
X' is the disjoint union of (possibly empty) compact Riemann surfaces, whose 
topological type is determined by M. Let g(M) £ Z>o denote the total genus of 
X 1 . The period of X L is denoted by f2(X l ) £ 6 9 ( M )/Sp2 S (M)(Z). By 58:, there 
exist a proper + (M ± )-invariant Zariski closed subset Z C T> M ± and an + (M J -)- 
equivariant holomorphic map Jm ■ &M 1 - \ Z ~ * © g(M) I ' Sp2 g (M) (Z) that induces the 
map of moduli spaces 

m° m± 3 w m (x,l) -». n{x") g e ff(M) /5p 2s(M) (z). 

Then Jm II Xg(M) II 2 is an 0+(A/- L )-invariant C°° function on f^ x . 

The following structure theorem for tm is the main result of this paper: 

Theorem 0.1. (cf. Theorem 19 .lj) Let M be a primitive 2-elementary Lorentzian 
sublattice o/L K3 . If r(M) > 10 or (r(M),S(M)) = (10,1), then there exists a 
constant Cm depending only on the lattice M such that the following identity holds 
for every 2-elementary K3 surface {X, t) of type M 

t m (X,0~ 29(M)+1(29<M)+1) = Cm \\^M^M(X,c),F M ,)\r (M) \\ Xg( M)^(X^r. 

It may be worth emphasizing that the structure of tm becomes transparent by 
considering elliptic modular forms for MT (4) rather than AIp 2 (Z). After Bruinier 
[13) . Theorem 10. II may not be surprizing. Indeed, if M contains an even unimod- 
ular lattice of signature (2, 2) as a direct summand and if there is a Siegel modular 
form S such that div(J M «S') is a Heegner divisor on Q M ±, then $ M must be the 
product of a Borcherds lift and J M S by [13j Th. 0.8]. When g(M) — 2, this explains 
the existence of a factorization of tm like Theorem 10.11 (However, this does not 
seem to explain the common structures (|0.1|) . (|0.2|) of the elliptic modular forms 
-Fa and the Siegel modular forms Xg appearing in the expression of tm-) It seems 
to be an interesting problem to understand the geometric origin of these common 
structures of the modular forms Fa and Xg- 

There are 43 isometry classes of primitive 2-elementary Lorentzian sublattices 
M C h K3 such that r(M) > 10 or (r(M),S(M)) = (10,1) (cf. Table 1 in Sect.©. 
In fact, Theorem 10 . 1 1 remains valid for a certain primitive 2-elementary Lorentzian 



sublatticc M C h K3 with r(M) = 9. (See TheoremES]) By Theorems ED] and El 
and [SH Ths. 8.2 and 8.7], tm and <&m are determined for 46 isometry classes of M. 
Since the total number of the isometry classes of primitive 2-elementary Lorentzian 
sublattice of Lr- 3 is 75 by Nikulin [45] , the structures of tm and $m are still open 
for the remaining 29 lattices. 

Following [58] Th. 8.7], we shall prove Theorem 10. II bv comparing the + (M ± )- 
invariant currents dd c log tm , dd c log\\^ M ±(-,F M ±)\\ 2 and dd c log J M \\xl(M)\\ 2 - (^ ee 
Sect.EH) The current dd c log tm was computed in [58]. In Sect. [8] the weight 
and the zero divisor of ^J M ±(-, F M ±) shall be determined, from which a formula 
for dd c log\\V M ±{- 1 F M ±)\\ 2 follows. In Sect.H the current dd c log J* M \\x 8 g{M) \\ 2 
shall be computed, where the irreducibility of certain component of the divisor 
2 ? a/^/0 + (M- l ) on n+ x /0+(M- L ) plays a crucial role. (See Appendix Sect. lPL"51 ) 

In Proposition 19. 2[ we shall prove that Xg(M) vanishes identically on the locus 
J M (Q M± \V M ±) when (r(M),S(M)) = (10,0) and M is not exceptional. Hence 
Theorem 10.11 does not hold in these four cases. This is similar to the exceptional 
case (r(M),l(M),S(M)) = (10,8,0), where Xg should be replaced by the product 
of two Jacobi's A-functions (58] Th. 8.7]. 

There is an application of the Borcherds lift ^a(-,-Fa) to the moduli space A4° M± . 

Theorem 0.2. Ifr(M) > 10, then M° M ± is quasi-affine. 

When A4° M± is the coarse moduli space of Enriques surfaces, this was proved by 
Borcherds [8] . Since the coarse moduli space of ample M-polarized K3 surfaces (cf. 
P]> [E], [B]) is a finite covering of M° M± , its quasi-afhness follows from that of 
■M° M± . The quasi-afhness of M° M± is a consequence of the fact that ^ M ±(-,F M ±) 
vanishes only on the discriminant locus T> M ± when r(M ) < 12. By [45] , there 
are 49 isometry classes of primitive 2-elementary Lorentzian sublattices M C Lr-3 
with r(M) > 10. In general, it is not easy to find a primitive sublattice A C ^Lk3 
of signature (2, r(A) — 2) admitting an automorphic form on £l~^ vanishing only 
on T>\. For example, there is no automorphic form on the coarse moduli space of 
polarized K3 surfaces of degree 2d vanishing only on the discriminant locus, if the 
discriminant locus is irreducible [SI Sect. 3.3], [IE]. (See [7]. [8]. [TO], [II ] , [2"7 ] II]. 
[33] . [51], [25]... for affirmative examples). For another application of *a(-,^a) to 
the negativity of the Kodaira dimension of SAm± = n M± /0 + (M ± ), see [35]. In 
fact, M-m± is always unirational and hence k(A4 m ±) = —00 by S. Ma [55] . 

This paper is organized as follows. In Sect.Q] we recall lattices and orthogo- 
nal modular varieties. In Sect. [2] we recall 2-elementary K3 surfaces and their 
moduli spaces, and we study the singular fiber of an ordinary singular family of 
2-elementary K3 surfaces. In Sect. [5] we recall log del Pezzo surfaces of index < 2 
and its relation with 2-elementary K3 surfaces. In Sect. [4] we study the current 
dd c J M \\x & q i M \\\ 2 and we recall the notion of automorphic forms on Q M ±- In Sect.[5j 
we recall the invariant tm- In Sect.0 we recall Borcherds products. In Sect. [7] we 
construct the elliptic modular form F\(t). In Sect. [5] we study the Borcherds lift 
'I'aC-Fa)- In Sect.EH we prove Theorem l0.ll In Sect.[TUl we interpret Theorem l0.ll 
into a statement about the equivariant determinant of the Laplacian on real K3 
surfaces. In Sect. [II] Appendix, we prove some technical results about lattices. 

Warning: In [58], we used the notation J7m, -Mm, ~Dm etc. in stead of Hm ± j 
M M ^, T^m 1 - etc. 
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1. Lattices 

A free Z-module of finite rank endowed with a non-degenerate, integral, sym- 
metric bilinear form is called a lattice. The rank of a lattice L is denoted by 
r(L). The signature of L is denoted by sign(L) = (b + (L) , b~ (L)) . We define 
<r(L) :— b + (L) — b~(L). A lattice L is Lorentzian if sign(L) = (1, r(L) — 1). For 
a lattice L — (Z r , (•,•)), we define L(k) :— (Z r ,fc(-,-)). The dual lattice of L is 
denoted by L v C L <E) Q. The finite abelian group Aj, := L v / L is called the dis- 
criminant group of L. For A G L v , we write A := A + L G Aj,. A lattice L is even 
if (x, x) G 2Z for all x G L. A sublattice M C L is primitive if L/M has no torsion 
elements. The level of an even lattice L is the smallest positive integer I such that 
l\ 2 /2 G Z for all A G L v . The group of isometries of L is denoted by O(L). We 
set Al := {d G L; (d, d) = —2} and define 

A' L := {d G A L , d/2 $ i v }, A L := {d G A L , d/2 G L v }. 

Then Aj,, A' L , A'[ are preserved by 0{L). For d G A^, the corresponding reflection 
Set € O(L) is defined as Sd(x) := x + (x, d) d for x G L. 

1.1. Discriminant forms. For an even lattice L, the discriminant form qj, of A^ 
is the quadratic form on At, with values in Q/2Z defined as (?l(0 " I 2 + 2Z for 
I G A^. The corresponding bilinear form on Al with values in Q/Z is denoted by 
b L . Then b L (l, V) = (/, /') + Z for T, f' G A^. Since A G L v lies in L if and only if 
(A, I) £ Z for all I G L v , the bilinear form bj, is non-degenerate, i.e., if 61,(7, *) = 
mod Z for all xG^l, then 7 = in Al- We often write 7 2 (resp. (7, 5)) for #1,(7) 
(resp. 67,(7, 5)). The automorphism group of (Al^l) is denoted by O(qL)- See 
[4^] for more details. 

1.2. 2-elementary lattices. Set Z2 := Z/2Z. An even lattice L is 2- elementary 
if there is an integer / G Z>o with Ax, = Z l 2 . For a 2-elementary lattice L, we set 
/(£) := dim Z2 A L - Then r(Z) > l(L) and r(L) ee i(L) mod 2 by O Th. 3.6.2 (2)]. 
We define 

f if x 2 eZ for all i£i v , 
I 1 if x 2 ^ Z for some iei v . 

The triplet (sign(L), l(L),S(L)) determines the isometry class of an indefinite even 
2-elementary lattice L by gS Th. 3.6.2]. 
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Since the mapping Al 3 7 — > "f 2 E ^Z/Z = Z2 is Z2-linear and since b^ is 
non-degenerate, there exists a unique element \l € A^ such that (7, 1^) = 7 2 
mod Z for all 7 € Al- By the uniqueness of 11, g(lz,) = 1l for all g E 0{qi.)- By 
definition, 1 L = if and only if 5{L) = 0. If L = 1/ © L", then 1 L = 1^/ © 1 L ». 

Let U = ( 10 ) and let Ai, Hbfc, E7, Eg be the negative- definite Cartan matrix of 
type Ai, Dik-, E7, Eg, respectively, which are identified with the corresponding even 
lattices. Then U and E 8 are unimodular, and Ai, H^fc and E7 are 2-elementary. Set 

h K3 :=UffiUffiUffiE 8 ffiE 8 . 

For a sublattice A c L^ 3 , we define A 1 - := {I E L^ 3 ; (I, A) — 0}. When A C L^- 3 
is primitive, then (A\,— q/A = (A A ±,q A ±) by 031 Cor. 1.6.2]. 

1.3. Lorentzian lattices. Let L be a Lorentzian lattice. The set Cl '■— {v E 

L <E) R; v 2 > 0} is called the positive cone of L. Since L is Lorentzian, Cl consists 
of two connected components, which are written as C^ > C^. For / E L ® R, we 
set hi := {v E C^; (v,l) = 0}. Then hi ^ if and only if I 2 < 0. We define 
(C^)° := C\ \ UdeA h-d- Any connected component of (C^ )° is called a Weyl 
chamber of i. 

Let M C Lif3 be a primitive 2-elementary Lorentzian sublattice. Let 1m be the 
involution on M © AI 1 - defined as 

I M (x,y) = (x,-y), (x,y)EM®Al ± . 

Then Im extends uniquely to an involution on I^kz by [US Cor. 1.5.2]. We define 

g(M) := {22 - r(M) - l(M)}/2, k(M) := {r(M) - l(M)}/2. 

For d E A M ± , the smallest sublattice of L.r-3 containing M and Zd is given by 

[M ±d] := (l^nd 1 ) 1 . 

By Lemma ril.3l below. [M _L d] is again a 2-elementary Lorentzian lattice such that 

(1.1) I[ M ±d]=S d oI M = I M os d , [Mlrf] 1 = M 1 n ( i 1 . 

By e.g. [3U1 Appendix, Tables 1,2,3], M and M 1 - are expressed as direct sums of 
the 2-elementary lattices A+ := Ai(-l), Ai, U, U(2), B 2 fc, E 7 , E 8 , E 8 (2). 

1.4. Lattices of signature (2,n) and orthogonal modular varieties. Let A 

be a lattice with sign(A) = (2, n). Define 

Ov :={[«] eP(A(g)C); (x,x) =0, (x,x) > 0}, 

which has two connected components J7 A . Each of fl A is isomorphic to a bounded 
symmetric domain of type IV of dimension n. On $7a, acts O(A) projectively. Set 

0+(A) := {«? S O(A); <?(n±) = Q±}, 

which is a subgroup of O(A) of index 2 such that Q\/0(A) — Q~^/0 + (A). Since 
+ (A) is an arithmetic subgroup of Aut(fi^), + (A) acts properly discontinuously 
on fi^. In particular, the stabilizer + (A)[ r) ] := {g E + (A); g • [77] = [77]} is finite 
for all [77] E fi^i and the quotient 

M A := Q A /0(A) = 0+/0+(A) 

is an analytic space. There exists a compactification Ai* A of TWa, called the Baily- 
Borel-Satake compactification [2], such that Ai A is an irreducible normal projective 
variety of dimension n with dim(M A \ Ma) < 1. 



For A e A (g) R, set H x := {[x] E il A ; (x, A) = 0}. Then H x ^ if and only if 
A 2 < 0. We define the discriminant locus of Q, A by 

V A := J2 H ^ 

dSA A /±l 

which is a reduced divisor on fl A . We define the reduced divisors T>' A and T>" A by 

iieAy±i deA'j t /±i 

Since A A = A A II A A , we have X> A = £> A + P A . 

Assume that A is a primitive 2-elementary sublattice of hx3 ■ We set 

n° A -.= n A \v A , M° A :=n A /o(A). 

For d € Aa , we have the relation 

H d f]fl A — fl And ± — fi[ A -Lj_d]-L. 

We define the subsets B° d C H d (deA A ) and V° A C £>a by 

F d ° := {[r?] 6 fi+; + (A) M = {±1, ± Sd }}, V° A := £ ff d °. 

dSA A /±l 

If i?d ^ (resp. 2?a 7^ 0), then iJJ (resp. 2? A ) is a non-empty Zariski open subset 
of n And ± (resp. V A ) unless M 1 - = (A+)® 2 © Ai (cf. [62 Proof of Th.4.1 and 
Sect. 5]). Since 0(A) preserves V A and T> A , we define 

V A := D A /0(A), P a := Zft/0(A) c P a . 

Then 2? A n Sing Ma = by 58, Prop. 1.9 (5)]. For the irreducibility of T>' A /0(A), 
see Proposition 1 11. 61 (5) below. 

When A = U(A) © L, a vector of A ® C is denoted by (to, n, u), where m,n £ C 
and »£l®C. The tube domain A <g> R + z Cj, is identified with $7 A via the map 

(1.2) A®R + ?:C L 3 z^r [(-z 2 /2,l/N,z)] € A cP(Aig)C), zei^C 

by [HI P-542] . The component of 51a corresponding to A ® R + i C\ via the isomor- 



phism (jl.21) is written as J7l" 



2. A3 SURFACES WITH INVOLUTION 

2.1. A3 surfaces with involution and their moduli space. A compact, con- 
nected, smooth complex surface X is called a A3 surface if it is simply connected 
and has trivial canonical line bundle Vt 2 x . Let A be a A3 surface. Then A 2 (A, Z) 
endowed with the cup-product pairing is isometric to the A3 lattice Lr^. An isom- 
etry of lattices a: H 2 (X,Z) = L.K3 is called a marking of X. The pair (X,a) is 
called a marked A3 surface, whose period is defined as 

tt(A, a) := [a{r])} £ P(h K3 ® C), ry g A°(A, ft 2 ,) \ {0}. 

Let M C L^-3 be a primitive 2-elementary Lorentzian sublattice. A A3 surface 
equipped with a holomorphic involution t: A — > A is called a 2-elementary A3 
surface of type M if there exists a marking a of A satisfying 

l *\h°(x,si%) = -1) t* = a -1 o J M o a. 
Then a{H 2 (X, Z)) = M, where A|(A, Z) := {^ G A 2 (A, Z); t*J = ±1!}. 



Let (X, l) be a 2-elementary K3 surface of type M and let a be a marking with 
6* = a- 1 o I M o a. Since # 2 <°(X,C) C H 2 _(X,Z) <g) C, we have -k{X,o) € Q m _l 
by [H Th.3.10]. By [551 Th. 1.8] and Proposition QX2] below, the 0(M J -)-orbit 
of 7r(X, t) is independent of the choice of a marking a with t* = a Imoi. The 
Griffiths period of (X, i) is defined as the 0(M J -)-orbit 

ro M (I, t) := O(M^) ■ n(X,a) G JW M x- 

By [H], [H], @5J, [S], [55J Th. 1.8] and Proposition QXl below, the coarse moduli 
space of 2-elementary K3 surfaces of type M is isomorphic to M. M ± via the map 
Wm ■ In the rest of this paper, we identify the point Wm(X, l) G ■M° ai ± with the 
isomorphism class of (X, i) . 

For a 2-elementary K2, surface (X, t), set X L := {x G X; l(x) = a;}. 

Proposition 2.1. Let (X, l) be a 2-elementary K3 surface of type M . 

(1) If M ^ U(2) E 8 (2) 7 then X L = 0. 

(2) If M = U© Eg (2), iften X 1 is i/ie disjoint union of two elliptic curves. 

(3) If M 9* U(2) © E 8 (2), U © E 8 (2), i/ien i/iere exist a smooi/i irreducible 
curve C of genus g(M) and smooth rational curves E\, . . . , Eum) such 

that x L = c n E x n • • • n E k{M) . 

Proof. See g5J Th. 4.2.2]. □ 



After Proposition [2711 a primitive 2-elementary Lorentzian sublattice M C Lff3 
is said to be non- exceptional if M ^ U(2) © E 8 (2), U © E 8 (2). Let (X, t) be a 2- 
elementary i^3 surface of type M. When M is non-exceptional and when g(M) > 0, 
the component of X L with genus g{M) is called i/ie moin component of X 1 . 

For 5 > 0, let & g be the Siegel upper half-space of degree g. When g = 1, ©i is 
the complex upper half-plane. We write Sj for 6i. Let Sp2g(Z>) be the symplectic 
group of degree 2g over Z and let A g := & g /Sp2 g (^) be the Siegel modular variety 
of degree g. Then A g is a coarse moduli space of principally polarized Abelian 
varieties of dimension g. The Satake compactification of A g is denoted by A*. 
Then A* g has the stratification A* = A g U A g -\ II • • • II Aq. 

For a 2-elementary K3 surface (X,i) of type M, the period of X\ i.e., the 
period of Jac(X') := H l {X',O x ^)/H 1 (X c ,Z), is denoted by [2{X L ) G A g{M )- For 
a 2-elementary if 3 surface {X, l) of type M, we define 



J M (X,i) = J m (w m (X,l)) := il(X l ) G A g{M ). 

•M - — J M 



Let Zf M ± : f2 M i — >• A^m^ be the projection and set J M := J M o II M ± \a° ■ Then 



J M is an 0(M J -)-equivariant holomorphic map from fi° ± to A g iM) with respect 
to the trivial 0(M J -)-action on ^. s (m)- By [55J Th. 3.3], J M extends to an 0{M^)- 
equivariant holomorphic map Jm ■ & M x U T) M ± — > i*/ M) . The corresponding 
holomorphic extension of J M is denoted by Jm : MJji U ^{i — > A* , M y 

Proposition 2.2. The map Jm extends to a meromorphic map from M* M ± to 
A*, M y Whenr(M) > 19, Jm extends to a holomorphic map from A4 M± toA*, M \. 

Proof. By 12J, Jm extends to a holomorphic map from M* M ± \ (SmgM* M± U 
SmgT> M ±) to A* , M y Since M.* M ±_ is normal, we get dim(Sing.M^ f _ L USing2? M j_) < 
AvaxM* M± — 2 when r(M) < 18, so that Jm extends to a meromorphic map from 
M* Ml to A* ,M\ by [53] in this case. If r(M) = 19, the result follows from [12] 



because M* M ± is a compact Riemann surface and M* M ± \ M-m± 1S a finite subset 
of M* M ± . If r(M) = 20, the result is trivial because M.* M ± is a point. □ 

2.2. Degenerations of 2-elementary K3 surfaces. Let A C C be the unit disc 

and set A* := A \ {0}. Let Z be a smooth complex threefold. Let p: Z — > A be a 

proper surjective holomorphic function without critical points on Z \p~ 1 (0). Let 

t . : Z — > Z be a holomorphic involution preserving the fibers of p. We set Z t = p~ l (t) 

and tj = u\z t for t g A. Then p: (Z, t) — > A is called an ordinary singular family of 

2-elementary X3 surfaces of type M if p has a unique, non-degenerate critical point 

on Zq and if (Z t , tt) is a 2-elementary K3 surface of type M for all t £ A* . Since Zq 

is a singular K3 surface, to £ Aut(Zo) extends to an anti-symplectic holomorphic 

involution to on the minimal resolution Zq of Zo, i.e., (to)* = —1 on H°(Zo, fl 2 ~ ). 


Let o £ Z be the unique critical point of p. There exists a system of coordinates 

(Li, (z\, Z2, z?,)) centered at o such that 

L (z) = (-zi,-z 2 ,-z 3 ) or (zi,Z2,-za), z£li. 

If l(z) = (— z\, —Z2, —Z3) on W, t is said to be of type (0, 3). If t(z) = (zi, 22, —23) 
on U, t is said to be of type (2, 1). 

Theorem 2.3. Let d £ A M ± and let H d :— IJ M ±(H d ) be the image of H% by 
the natural projection II M ± : fl^ 1 - ~^ ■^m ± - Let 7: A — > Mm± be a holomorphic 
curve intersecting H d transversally at 7(0). Then there exists an ordinary singular 
family of 2-elementary K3 surfaces pz '■ {Z, t) — > A of type M with Griffiths period 
map 7 satisfying the following properties: 

(1) pz is a projective morphism and the minimal resolution (Zq,Tq) is a 2- 
elementary K3 surface of type [M _L d] with Griffiths period 7(0). 

(2) If d £ Aj f± , then t is of type (2, 1) and (Zq) l ° is the normalization of Z^ 
with total genus g(M) — 1. 

Proof. By [SSI Th. 2.6], there exists an ordinary singular family of 2-elementary Ki 
surfaces pz '■ (Z, i) — > A of type M with Griffiths period map 7 such that pz is 
projective. We prove that (Zo, to) is a 2-elementary K3 surface of type [M _L d]. 

Let oz £ Zq be the unique critical point of pz- Let py. (y, t,y) — > A be the 
family induced from pz ■ (Z, t) — > A by the map A 3 t — > t 2 £ A. Then y — Zx^A 
and py = pr 2 . The projection pi x induces an identification between (It, tyjyj) and 
(Z t 2, L t i) for all t £ A. Since the Picard-Lefschetz transformation for the family of 
K3 surfaces py \ ^* : y\A* — > A* is trivial, there exists a marking (3 : R 2 (py\A')*Z — 
^•K3,A' ■ Let oy be the unique singular point of y with pr 2 (o;y) = oz- Since (3^, oy) 
is a three-dimensional ordinary double point, there exist two different resolutions 
7r: (X,E) -> (y,oy) and tt' : (X',E') —> (y,o y ), which satisfy the following (i), 
(ii), (iii), (iv) (cf. [S5J Th. 2.1 and Proof of Th. 2.6] and the references therein): 
(i) Set p := py o tt and p' := py o ir'. Then p: X — > A and p' : X' — > A are 

simultaneous resolutions of py : y — > A, and they are smooth families of 

K3 surfaces. The marking /3 induces a marking a for p: X — >• A and a 

marking a' for p' : X' —> A. 
(ii) E = ir~ l (oy) is a smooth rational curve on Xo, and E' = (ir')~ 1 (oy) is a 

smooth rational curve on X' . The marked family (p' : X' —$■ A, a') is the 

elementary modification of (p: X —> A, a) with center E (cf. 58,, Sect. 2.1]). 

Replacing /3 by go /3, g £ T(M) := {g £ 0(Lk3)) qIm = hig} if necessary, 

one has d = a(ci([E])). 
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(iii) Let e : X \ E — > X ' \ E' be the isomorphism defined as 

e := (tt'U'XbO^ 1 ° M-XAJs)- 
Then e is an isomorphism of fiber spaces over A* and the isomorphism 
e\x \E '■ -Xo \E —¥ Xq \ E' extends to an isomorphism eo : -Xo ~~ ^ -^o with 

(2.1) a o(e o yo(a' )- 1 = Sd . 

(iv) There exists an isomorphism ^ki^Im) '■ X —¥ X' of fiber spaces over Z\ such 
that the following diagrams are commutative (cf. [58, Eqs. (1.6), (2.8)]): 
(2.2) 

(X,E) — 2L_> (y )0 ) _^i-> (z, ) #y #Z *™« m) \ #y Z 

(*',£') -^U CM -^-+ (z,o) l^ -^-> L K3 ,4 

We define := (eo) _1 o <pk?>(Im)\x € Aut(-Xo). Since -k 1 oe^ = tt\x by (iii) and 
hence tt^ve' = (tt|x \e) ° (e"o)" 1 |x^\B' ! w e get by the first diagram of fl2T2]) 

(Mx \e) ° (0\x o \e) = (ttUo\e) ° (eo) _1 |x£\E' ° <P#3(Im)UoV3 

= (tt'U^E') ° Vif3(i'M)Uo\E 
= ( t >'lYo\{o}) 07r Uo\B 1 

which implies (7r|x )°# = ( t y|Yo)°( 7r l^"o)- Since Xq is the minimal resolution of Zq , 
i.e., X = Z and since (Y , Ly\ Yo ) = (■Z'o, to), the equality (7r|x n )°# = (iy\Y„)°(^\x Q ) 
implies that 9 is the involution on Xq induced from lq . Thus 8 = Tq . 
By (|1.1[) . (|2.1j) and the second diagram of (|2.2[) . we get 

(2.3) a #* "o 1 = aoV/o(^/)*(ao) _1 ° "0(^0 )*«o = ■*** ° s <2 = V 1 ^ 

By (|2.3p . = To is an anti-symplectic involution of type [M _L d}. This proves (1). 
Let d € A' M± . If l is of type (0, 3), then ff ([M JL i|) = g(M) by [5g Prop. 2.5]. 
Since d € A' Mi implies <?([M _L d]) = g(M) — 1 by Lemma 111 .51 below, we get 
a contradiction. Hence 1 must be of type (2,1). Since (Zo,To) is a 2-elementary 
K3 surface of type [M _L d], (Z ) Z ° has total genus g([M Id]) = g(M) - 1 by 
Lemma 111.51 Since Zq — ¥ Zq is the blow-up at the ordinary double point oz , it 
follows from the local description i(z) — [z\ 1 Z2, —23) near oz that the set of fixed 
points (Zo) L ° is the normalization of Zq° . This proves (2). □ 

Let C be a (possibly disconnected) smooth complex surface. Let p: C — > A be 
a proper, surjective holomorphic function without critical points on C \ p (0). 
Then p: C — > A is called an ordinary singular family of curves if p has a unique, 
non-degenerate critical point on p _1 (0). We set C\ := P^ 1 ^) for te4. 

Lemma 2.4. Let p: C — > A be an ordinary singular family of curves and let g — 
dim_ff°(Ct, ft}^ ) for t 7^ 0. Let J: A* —¥ A g be the holomorphic map defined as 
J(t) :— fi(Ct) for t G A*. Then J extends to a holomorphic map from A to A* by 

setting J(0) :— £2{Cq), where Cq is the normalization of Cq. 

Proof. Since the result is obvious when g = 0, we assume g > 0. The extendability 
of J follows from e.g. O Chap. Ill Th. 16.1]. Assume that p has connected fibers. 
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Either Co is the join of two smooth curves A and B intersecting transversally at 
Sing Co or Co is irreducible. The result follows from e.g. [19] Cors. 3.2 and 3.8]. 

Assume that C is not connected. Let C = Cq II . . . II Ck be the decomposition 
into the connected components and set pi := p\c t - Since the period matrix of Ct is 
the direct sum of those of the curves p~ l {t), the result follows from the case where 
p has connected fibers and [3J Chap. Ill Th. (16.1)]. □ 

Theorem 2.5. For d £ A M ±, the following equality holds 

JM\H- d =J[M±d]\H° d - 

Proof. Let p £ H d and let 7: A — > M M i be a holomorphic curve intersecting H d 
transversally at p = 7(0). Let pz ■ (Z, t) — > A be an ordinary singular family of 
2-elementary K3 surfaces of type M with Griffiths period map 7, such that pz is 
projective and such that (Zq, to) is a 2-elementary K3 surface of type [M _L d] with 
Griffiths period 7(0) (cf. Theorem I2.3[) . Let o £ Z be the unique critical point 
of pz- Since Jm(p) = J*Af(7(0)) = lim^o J M{l{t)) by the continuity of Jm and 
since J[Mj_d](p) — J [M±d](Z 0,^0) = ^((ZoY") by Theorem 12.31 it suffices to prove 

(2.4) J M (p) - lim7 M (7(t)) = mZ f°) = J° [M ± d] (P)- 

Set Z L := {z£ Z; l(z) = z}. 

Assume that 1 is of type (0, 3). By [58, Prop. 2.5 (1)], C := Z L \ {0} is a smooth 
complex surface and p\c '■ C — > A is a proper holomorphic submersion. Then 

(2.5) limJ° M {Zt, a) = lim fl(Ci) = O[C ). 

t^o t— >o 

Since Z ° = C H {o}, we get (Z ) r ° =C UP 1 , which yields that 

(2.6) Q(c ) = n((z y°). 

Eq. (J2T4|) follows from (|23)l and (|2T6|) in this case. 

Assume that t is of type (2,1). By [58l Prop. 2.5 (2)], p\z<-- Z l ->• Z\ is an 
ordinary singular family of curves. Let W — > Zq° be the normalization. We get 

(2.7) }™J°m(Zu it) = lim n(Z?) = Q(W) £ A* g{M) 

by Lemma [2.41 In the same manner as in the proof of Theorem 12.31 (2), we get 
W = (ZqY°, which together with (|2.7|) . yields (|2.4p in this case. Since p is an 
arbitrary point of H d , we get the result. □ 



The following propositions shall be used in the proof of Proposition [472] (3). 

Proposition 2.6. If g(M) = 1 and d £ A' M± , then Jm(H%) = A a =A* 1 \A 1 . 

Proof. By Lemma [TO] below, g([M _L d]) = g(M) -1 = 0. By Theorem[231 we 
get J M {H° d ) = J? M±d] {H° d ) = Ao =A* 1 \A 1 . D 



Proposition 2.7. If g(M) = 1, then J° { {Q° M± ) = A\. 

Proof. By Proposition 12.21 Jm extends to a meromorphic map from M* M ±_ to A*. 
Since J M (£l° M± ) = Jm(M° m ±) and since dim^lj = I7 we nave Jm^m^ = -^i ^ 
J M is non-constant. We see that J M is non-constant. 

Since g(M) = 1, we get by 03 p.1434, Table 1] or [20] Appendix, Table 2] 

(2.8) M x SUffi A^eAf"'" 1 (l<m<10), U(2) © U(2) ©4, U©U(2). 
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By dH]), A' M± ^ 0. Let d € A' M± . By Proposition EH we get Jm(H°) = A = 
.A* \^4i- Since Jm(Q° m ±) C -4i, this implies that Jm is non-constant. D 

Proposition 2.8. If g(M) = 1 and d € A'^x, t/ien Jm(H^) C -4i- 

Proo/. Since d G A'^, we get g([M L d]) = g(M) = 1 by Lemma [TT31 below. By 
Theorem^ we get J M (H° d ) = J° [MA _ d] {H° d ) C J? M±d] (W [MJ _ d] ±) C ^. D 



Proposition 2.9. If g(M) = 2 and d G A' m _l, i/ierc Jm{H°) = A* 2 \A 2 - 
Proof. By Lemma Tl 1 .51 below. <?([M _L d]) = 1. By Theorem 12.51 we get 



Jm(H%) = J[ M ±d]( H d) ~ J [M±d](tt° MJ _ d]± ) =A{=Al\A 2 , 

where the third equality follows from Proposition 12.71 □ 

We dehne the divisor A/2 C A% as 

A/2 := {^(-Ei x £! 2 ) G -4 2 ; Ei,E 2 are elliptic curves}. 

Proposition 2.10. Let #(M) = 2 and d G A" M± . Then J M {H°i) H A/2 ^ «/ 
and on/y if M = AJ~ © A® and d/2 = l M i mod Af . In particular, if either 
M ^ A+ ® A® 8 or d/2 ^ l M x mod M- 1 , t/ien 

j M (m) c A 2 \Af 2 . 

Proof. Assume J M (#|) nA/2 7^ 0. By Theorem E3 

V-L«q( fi fv.Ldl-0 nA/- 2 ^ Vi<l](^) nA/- 2 = J M {H° d )r\M 2 ^ 0. 
Let (X, l) be a 2-elementary K3 surface of type [M _L d] such that J[M_Ld] (X, l) G 
A/2. If [M ± d] ¥ U © E 8 (2),U(2) © E 8 (2), there exists an irreducible smooth 
curve C of genus g>([M _L d]) with J[M_i_d](W = Q{C) by Proposition 12.11 By 
d G A^.j_ and Lemma fll.5l below, we get g([M _L d]) = 2. However, the period 
of an irreducible smooth curve of genus 2 lies in A2 \ A/2. This contradicts the 
condition Q(C) G A/2. Thus [M _L d] = U © E 8 (2) or [M _L d] = U(2) © E 8 (2). If 
[M -1 d] S U(2) © E 8 (2), then C = by Proposition 0(1), which contradicts the 
condition Q{C) £jV 2 . We get [M _L d] = U © E 8 (2) and hence A/- 1 (1^ = [M _L 
d]- 1 =U® 2 ffiE 8 (2). Since d G A^ , we get (r(Af), Z(Af)) = (r([M ± d])-l,Z([M _L 
dj) + 1) = (9,9) by Proposition QXS] below. Since r(Af) = 9, we get 8(M) = 1. 
All together, we get (r(M), /(M), <5(M)) = (9, 9, 1) and hence M = A + © A® 8 . Set 
L := Zd C A/- 1 . Then L = Ai. Since (r(Af- L ),?(Af- L ),5(Af- L )) = (13,9,1), we get 
the decomposition M L = (Af 1 - n rf 1 ) ffl I = U® 2 © E 8 (2) © L by comparing the 
triplets (r,l,S), which implies 1m± = l M x n(i x © 11 = lz, = d/2 in ^m- 1 -- 

Conversely, assume M = A + © Af 8 and d/2 = 1 M ± mod AI 1 - . Since d/2 G 
(M ± ) v , wegetdG A^x- Since (r(M- L ),?(Af- L )) = (r(7\/- L nd- L ) + l,/(A/- L nd- L ) + l) 
by Proposition [TTTBI (3), (4) below, we get r{M L H d- 1 ) = r(Af- L ) - 1 = 12 and 
/(Af 1 - n d- 1 ) = /(M- 1 ) -1 = 8. Since 5{M^) = 1, we get Af- 1 = (Af- 1 nd 1 )®! by 
comparing (r, /,o"). Let us see that ^(Af- 1 n d 1 -) = 0. Let x G (Af- 1 n d J -) v be an 
arbitrary element and let k G Z. Set y = x + fc(d/2) G (Af- 1 )" 7 = (M 1 - n d- 1 )" 7 © L v . 
Since lj^fo. = d/2 mod M , we get by the definition of l M i 

-fe/2 = (y, d/2) = (y, l M x > = (y, y) = (x, x) - k 2 /2 mod Z. 

Hence x 2 = k(k- l)/2 = mod Z, which implies <5(Af - 1 n d- 1 ) = 0. Since (r, /, 0") = 
(12, 8, 0) for M^nd- 1 , we get M^Dd 1 - S U® 2 ffiE 8 (2) and hence [Af _L d] =* UfflE 8 (2). 
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By Theorem l2.5[ Jm{H^) C J? M ^_ d -\ (^nvf-Ldl ) c ^" 2 ' w here the last inclusion follows 
from Proposition O (2). Hence J M (H°) n 7V 2 7^ 0. D 

3. Log del Pezzo surfaces and 2-elementary A3 surfaces 

In this section, we recall the notion of log del Pezzo surfaces of index < 2 and 
DNP surfaces, for which we refer the reader to p] and [41]. In Sect.[3l the canonical 
divisor of a normal complex surface S is denoted by K,s- Hence the canonical line 
bundle of S is denoted by Os(Ks) in stead of fi| in this section. 

3.1. Log del Pezzo surfaces of index 2 and DNP surfaces. A normal pro- 
jective surface S is a log del Pezzo surface if it has only log terminal singularities 
and if its anticanonical divisor — K$ is an ample Q-Cartier divisor. The index of S 
is the smallest integer v £ Z >0 such that —vK$ is Cartier [TJ Sect. 1]. 

A smooth projective surface Y is a DNP surface if h l (Y) = 0, Ay ^ and 
if there exists an effective divisor C £ | — 2Ay| with only simple singularities [TJ 
Sect. 2.1]. A DNP surface Y is rational if | - 2K Y \ ^ 0- If V is a DNP surface and 
if C £ I — 2Ay| is a smooth divisor, the pair (Y, C) is called a right DNP pair. 

Let S be a log del Pezzo surface of index 2. By [1] Th. 1.5], | — 2As| contains a 
smooth curve. Let C £ | — 2Ks\ be smooth. To the pair (S, C), one can associate a 
right DNP pair and a 2-elementary A3 surface as follows pQ Sect. 2.1], [4TJ Sect. 6.6]. 

Let a : S — > S be the minimal resolution. Since S has only log terminal singulari- 
ties of index 2, we deduce from [TJ Sect. 1.2] the existence of a non-zero a-exceptional 
simple normal crossing divisor E on S such that —2Kg ~ a* (— 2As) + E. If D is 
a connected component of E, the germ (S, a(D)) £ Sing S is isomorphic to one of 
the singularities K n in [TJ Sect. 1.2], (4TJ Example 4.17]. 

Let j3: Y — > 5 be the blowing-up at the nodes of E. By [TJ Sect. 1.2], the proper 
transform Ey of E is the disjoint union of (— 4)-curves on Y and the total transform 
j3*E is the disjoint union of the configurations in 1, Sect. 1.5 (9)]. Set p :— a o f3. 
The birational morphism p: Y — > S is called the rig/ii resolution of 5. 

Let Cy := p _1 (C) c Y be the total transform of C with respect to the birational 
morphism p:Y^fS. Since C £ \ — 2K$\ is smooth and hence C n SingS* = 0, 
p|cy: Cy -> C is an isomorphism. By [TJ Sect. 2.1], [4TJ p. 415 Eq. (6-1)], Y is a 
DNP surface and the pair (Y, Cy + Ey) is a right DNP pair. We call (Y, Cy + Ey) 
the right DNP pair associated to (S, C). 

Since Cy + Ey £ \ — 2Ky\, there exists a double covering tt: X — > Y with 
branch divisor Cy + Ey . Let 1 : X — > X be the non-trivial covering transformation 
of tt: X -> y. By l] Sect. 2.1], [4TJ Sect. 6.6], (A, t) is a 2-elementary iT3 surface 
such that A 1 = Cy + £V. We call (A, i) t/ie 2-elementary A3 surface associated 
to (S, C). In this case, g(C) = g(X L ) > 2 by [1, Th. 4.1]. 

Conversely, if (A, t) is a 2-elementary A3 surface with g(X L ) > 2, then (A/t, A') 
is a right DNP pair. By 1, Th. 4.1], there exists a unique pair (S, C), where S is 
a log del Pezzo surface of index < 2 and C £ \ — 2K$\ is a smooth member, such 
that (A, (,) is associated to (S,C). 

3.2. Some properties of the main component of X L . Let M C L/f3 be a 
primitive 2-elementary Lorentzian sublattice. Assume that M is non-exceptional 
and that g(M) > 1. Recall that if (X,t) is a 2-elementary A3 surface of type 
M and if A' = C H E\ H . . . H Ek denotes the decomposition into the connected 
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components with g{C) = g{M) > 1 and Ei = P 1 for 1 < i < k, then C is called 
the main component of X L . 

Proposition 3.1. Assume that r(M) > 10 or (r(M),S(M)) = (10,1). Then 
< g(M) < 5 and the following hold: 

(1) If g{M) = 3, £/ien t/iere exists a 2-elementary K3 surface (X,t) of type M 
such that the main component of X L is non-hyperelliptic. 

(2) If g(M) = 4, then there exists a 2-elementary K3 surface (X,t) of type M 
such that the main component of X L is isomorphic to the complete inter- 
section of a smooth quadric and a (possibly singular) cubic in P 3 . 

(3) If g(M) = 5 ; then there exists a 2-elementary K3 surface (X,l) of type M 
such that the main component of X L is the normalization of an irreducible 
plane quintic with one node. 

Proof. By g5] p. 1434, Table 1] and the assumption on M, we get < g(M) < 5. 

In what follows, we use Nakayama's notation J3TJ p. 410, Table 6] and gl] p. 494- 
495, Table 14] for the type of log del Pezzo surfaces of index < 2. See (41] p. 410, 
Tables 9] for the relation between the type of a log del Pezzo surface and the type 
of the associated 2-elementary K3 surface. 

Let S be a log del Pezzo surface and let T e | — 2Ks\ be a non-singular member. 
Let M C L^3 be the type of the 2-elementary K3 surface (X, l) associated to 
(S, r). The main component of X L is isomorphic to L by construction. 

(1) Since g(M) = 3, r{M) > 10 and (r(M), S(M)) ^ (10, 0), the type of S is one 
of [2] + (b) (0 < b < 4) by [41, p.410, Table 6 and p.444 Table 9]. By 011 pp.494-495, 
Table 14], S is a hypersurface of P(l, 1, 1, 2) defined by the equation: 

Type of S Equation defining S 

[2] + (0) xyu = z i + F 3 (x, z)x + G 3 (y, z)y, 

[2]+(6) (1 < b < 4) xyu = F^ b (x, z)x b + G 3 (y, z)y, 

where wt(x) = wb(y) — wt(z) = 1, wt(u) = 2 and Fk(x,y) £ C[x,y] is a ho- 
mogeneous polynomial of degree k and G 3 (x,y) £ C[x,y] is a homogeneous poly- 
nomial of degree 3. Since Os(— 2Ks) — Cp(i,i.i,2)(2)|s by the adjunction for- 
mula and hence u — U(x, y, z) £ H°(S, Os{—2Ks)) for a homogeneous polynomial 
U(x, y, z) £ C[x, y, z] of degree 2, a general member of the linear system | — 2K$\ 
is a hypersurface of P 2 defined by the equation: 

Type of S Equation defining T 

[2]+(0) xy U(x, y, z) = z 4 + F 3 (x, z)x + G 3 (y, z)y 

[2] + (6) (1 < b < 4) xy U(x, y, z) = F 4 _ b (.x, z)x b + G 3 (y, z)y. 

In particular, T £ \ — 2Ks\ is a smooth plane quartic if Fk(x,y) 7 G 3 (x,y) and 
U(x,y,z) are sufficiently general. Since a smooth plane quartic curve is non- 
hyperelliptic, we get (1). 

(2) Since g(M) = 4, r(M) > 10 and (r(M),S{M)) ^ (10,0), the type of S is 
one of [0; 1, l]+(6) (1 < b < 3) by gU p.410, Table 6 and p.444, Table 9]. By [HJ 
pp.494-495, Table 14], S is a complete intersection of P(l, 1, 1, 1, 2) defined by the 
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equations: 
Lattice M Type of S Equations denning S 

(A+reE 8 8A? 2 [0;1,1] + (1) Uw = yz M(M ,, 

I xu = (w + c z)zw + (w + c y)yw 

(A+)® 2 ©E 8 ©Af- b [0;l,l] + (6)(6>2) 1™=™ 

\xu — (w + c z)zw + w u y u 

where wt(x) = wt(y) = wt(z) = wt(w) = 1, wt(w) = 2 and c, d £ C are constants. 
Since Os(— 2K$) — Op(i,i,i,i,2)(2)|s by the adjunction formula or by Lemma [3T2l 
below and hence u — U(x, y, z, w) £ H°(S, Os(—2Ks)) for a homogeneous polyno- 
mial U(x, y, z, w) £ C[x, y, z, w] of degree 2, L £ \ — 2K$\ is a complete intersection 
of P 3 defined by the equations: 

Type of S Equations defining T 

[0; 1, 1]+(1) xw = yz, xU{x,y,z,w) = (w + cz)zw + (w + d y)yw 

[0; 1, l]+(6) (2 < b < 3) xw — yz, xU(x,y,z,w) — (w + cz)zw + w 3 ~ b y b . 

By choosing c, d, U(x, y, z,w) sufficiently general, T is a complete intersection in 
P 3 of a smooth quadric and a (possibly singular) cubic. This proves (2). 
(3) Step 1 Since g{M) = 5, r(M) > 10 and (r(M),8(M)) ^ (10,0), the type of 
S is one of [1; 1, 1] + (1, b) (2 < b < 3) by 41, p.410, Table 6 and p.444, Table 9]. 
By [HI pp. 494-495, Table 14], S is a subvariety of the weighted projective space 
P(l, 1, 2, 2, 4) defined by the equations: 

Lattice M 1 - Type of S Equations defining S 

{xw — yz, 
z 2 w = {xu - y 2b - 1 w :i - b ) x, 
zw 2 = (xu — y 2b ^ 1 w 3 ^ b ) y, 

where wt(x) = wt(y) = 1, wt(z) = wt(w) = 2, wt(u) = 4. Notice that S is not a 
complete intersection in P(l, 1, 2, 2, 4). 

Since 0s(— 2Ks) = Op(i,i ,2,2,4) (4) \s bvLemma l3.2l below and hence u—U(x.y. z.w) £ 
H°(S,Os(—2Ks)) for a weighted homogeneous polynomial U (x, y, z,w ) £ C[x,y,z,w] 
of degree 4, L is a subvariety of P(l, 1, 2, 2) defined by the following equations: 

Type of S Equations defining T 

{xw = yz, 
z 2 w = (xU(x, y, z, w) - y 2b - 1 w 3 - b ) x, 
zw 2 = (xll(x, y, z, w) — y 2b ~ 1 w 3 ~ b ) y. 

Step 2 Set Si := {(x : y : z : w) £ P(l, 1,2,2); xw = yz}. By gU Lemma 7.6], 
Si = P(0pi Opi (1)) is a Hirzebruch surface, which contains L as an irreducible 
divisor. The projection p: Ei — > P 1 is given by the formula: p: Ei 9 (x : y : 
z : w) — > (x : y) = (z : w) £ P 1 . By [HJ Lemma 7.6], the negative section a of 
p: Ei -!• P 1 is given by a: P 1 3 (z : w) -> (0 : : z : w) £ E x . 
Let £ and C be the divisors on Ei defined as 

I := {(0 : y : : w) £ S i; (y : w) £ P(l,2)} =p- 1 (0 : 1) C E x , 

C := {(x : y : z : w) € Si; z 2 w = (a;C/(a:, y, z, «;) — y 2b ~ 1 w 3 ~ b )x} C E x . 

We have the equation of divisors C = L + L Since Op(i ! i.2,2)(2)|s 1 — O^ (a + 21) 
by [4TJ Lemma 7.6] and since z 2 w — {xU(x,y,z,w) — y 2b ~ 1 w 3 ~ b }x is an element 
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of F°(P(1, 1, 2, 2), Op ( i,i )2 ,2)(6)), we get 

r + I = C = div(z 2 w - {x U(x, y, z, w) - y 2b - 1 w 3 ~ b }x) £ |C Sl (3(ct + 2t))\. 

Hence r = C - £ € \0 Sl (3cr + 5£)\. Regard # 2 (Si, Z) as the Neron-Severi lattice 
of Si . Then we have the equations a ■ a = —l,£-£ = 0, a ■ £ = 1. Since V is linearly 
equivalent to 3cr + 5£, we get r • T — 21, T ■ a = 2. 

Step 3 Let 7r: Si -+ P 2 be the blowing-down of the (— l)-curve a and set T :— 
7r(r). Let /i := mult^^L be the multiplicity of L at 7r(er). Then /j = L • <r = 2, so 
that 7t(ct) is a double point of T. Since T is smooth and since ir : T\a — > L \ {7r(er)} 
is an isomorphism, L has a unique singular point at 7r(er) and 7r|r : L — > L is the 
normalization. Since (degL) 2 = L ■ L = T ■ T + fi 2 — 25, we get degL = 5. 

Since ir : Si — > P 2 is the blowing-down of a and since L = 7r(L), 7r(er) is a node of 
r if and only if L intersects a trans versally at two different points. Since L • a = 2, 
7r(cr) is a node of T if and only if #(L n a) = 2. By the definitions of L and tr, 

#(L n a) = #{(x : y : z : w) G L; Z = y = 0} 

= #{(0 : : z : w) £ P(l, 1, 2, 2); zw = 0} = 2. 

Hence L c P 2 is a quintic with one node, and L is the normalization of L. □ 

3.3. Some log del Pezzo surfaces of index 2. Let n be an integer with < n < 
3. Let {x : y : z : w : u) be the system of homogeneous coordinates of the weighted 
projective space P(l,l,n + l,n+ l,2(n + 1)) with weights wt(x) = wt(y) = 1, 
wt(z) = wt(w) =n+l, wt(u) = 2(n + 1). Set 

W := {(x : y : z : U) : u) G P(l, 1, n + 1, n + 1, 2(n + 1)); ot = yz}. 

In [41] Prop. 7.13], Nakayama gave a system of homogeneous polynomials that 
defines a log del Pezzo surface of index 2 as a subvariety of W . 

Lemma 3.2. Let S C W be a log del Pezzo surface of index 2 as in [41[ Prop. 7.13]. 
Then the following isomorphism of holomorphic line bundles on S holds: 

Cp(i,i,n+i,n+i,2(„ + i))(2(n + l))| s = O s (-2K s ). 

Proof. Let T be the vector bundle of rank 2 over P(l,l,n+l,n + l) defined as 

T \= Op(l,l,„+l,n+l) © Op(i,i,n+i,n+i)(2(n + 1)). 

Let P(J-") —¥ P(l, l,n + l,n+ 1) be the P 1 -bundle associated with T and let 
0p(jr)(l) — > P(^") be the tautological quotient line bundle. Let 

*: P(J") ->P(l,l,n+l,n + l,2(n+l)) 

be the birational morphism as in [HI Lemma 7.5]. 

Set S„ := {(x : y : z : w) £ P(l, l,n+ l,n+ 1); mi = yz}. By (4T] Lemma 7.6], 
S„ = P(Opi ffi Opi (n + 1)) is a Hirzebruch surface. We set 

£:=?\v n) P(£):=P(.F)| En , Op (£) (l):=Op ( ^(l)| P(£) . 

Then P(f ) — > S n is the P 1 -bundle associated with £, and 0p(£)(l) — \ P(£) is the 
tautological quotient line bundle. Set $ := *| P(£ ). Then $(P(£)) = Vy bv [4T| 
Prop. 7.13]. By [HI Prop. 7.8], $: P(f) -+ W is a birational morphism. By [4TJ 
p.461 1.10], we have **Op(i,i, n+ i,„ + i,2( n +i))(2(n+ 1)) = O p( ^(1) and hence 

(3.1) $*0 P (i,i,„ + i,„ + i,2(n + i))(2(n + l))|w = O p(t) (1)\ p{£) = Op (£) (l). 
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Let V C P(£) be the proper transform of S with respect to the birational 
morphism $: P(£) -> W. We set 93 := $|y (cf. gU p.465, 1.15]). Then y>: V -> 5 
is a birational morphism. By [UJ p. 464 1.1-1.11], we have 

(3.2) cp*Os(-2Ks)=0 P{£) (l)\y 

By (|3.ip and (|3 . 2[) . we have an isomorphism of holomorphic line bundles on V: 

(3.3) y*0p(i,i,n+i,n+i,2(n+i))(2(n + 1))| S = <p*O s (-2K s ). 

Since ^Iv^-^SingS) : ^\'y 9 ~ 1 (SingS') — > S'\SingS' is an isomorphism by [41, p. 464, 
1.9-1.10] and since S is normal, the desired isomorphism follows from Q3.3p . □ 



3.4. Even theta-characteristics on the main component of X c . Recall that 
a theta- characteristic on a compact Riemann surface C is a half canonical line 
bundle on C, i.e., a holomorphic line bundle on C whose square is the canonical 
line bundle of C. A theta-characteristic L is even if h°(L) = mod 2. A theta- 
characteristic L is effective if h°(L) > 0. If 5(C) denotes the genus of C, there are 
exactly 2 9 ^~ 1 (2 9 ^ + 1) even theta-characteristics on C. 

Proposition 3.3. Let C be a compact Riemann surface of genus g(C). 

(1) If g(C) < 2, C has no effective even theta-characteristics. 

(2) When g{C) — 3, C has no effective even theta-characteristics if and only if 
C is non-hyperelliptic. 

(3) When g{C) — 4 7 C has no effective even theta-characteristics if and only if 
C is a complete intersection of a smooth quadric and a cubic in P 3 . 

(4) If C is the normalization of an irreducible plane quintic with one node, then 
g{C) — 5 and C has no effective even theta-characteristics. 

Proof. The assertions (1), (2), (3) are classical. The assertion (4) follows from [551 
Lemma 0.18 (i), (ii)]. □ 

Proposition 3.4. Let M C L^3 be a primitive 2-elementary Lorentzian sublattice. 
If r(M) > 10 or (r(M),S(M)) = (10,1), then there exists a 2-elementary K3 
surface (X, t) of type M such that X 1 has no effective even theta-characteristics. 

Proof. The result follows from Propositions 13.11 and 13.31 □ 

4. AUTOMORPHIC FORMS ON THE PERIOD DOMAIN 

4.1. Igusa's Siegel modular form and its pull-back on fijf-L. Let T g be the 

Hodge line bundle on A g . Then T g is an ample line bundle on A g in the sense of 
orbifolds. There is an integer v 6 N such that J-Y is a line bundle on A g in the 
ordinary sense and such that J 7 !"" extends to a very ample line bundle on A* for 
m 3> 0. In this case, let F g denote the holomorphic extension of J r " llJ to A*. An 
element of H c \A g , Tg) is identified with a Siegel modular form on & g for Sp2 g (Z) 
of weight k. For g > 0, we define 

Xg (Z):= II ^(^), ze& g , 

(a, b) even 

where a,b £ {0, \} 9 and 9 a ^{E) := ~^2 neZg exp{7rz'(n + a)S(n + a) + 2-Ki l (n + a)b} 
is the corresponding theta constant. Here (a, b) is even if A t ab = mod 2. When 
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g = 0, wc define xo '■= 1- By [30[ Lemma 10], Xq is a Siegel modular form of weight 
2 9+1 (2 9 + 1). Let n uii,s be the reduced divisor on A g defined as 

e Baa , g :={[Z\eA g ix a (Z) = o}- 

It is classical that n uii,2 = A/2. In Sect. El Xg shall play a crucial role. 
Define the Petersson metric on J- g by 

(4.1) ||£|| 2 (i;):=(detlmi;)|£| 2 , (^0£6 9 xC. 

Since x 8 g is a Siegel modular form, ||xg|| 2 = {detlmS) w ^\x 9 {S) 8 \ 2 , w{g) = 
2 9+1 (2 9 + 1), is a C°° function on A g in the sense of orbifolds. 

Lemma 4.1. Letp: C — > A be an ordinary singular family of curves of genus g > 
such that Cq is irreducible. Let :— Sing Co- 

(1) There exists a holomorphic function h(t) G O(A) such that 
log||x<,(^(C t )) 8 || 2 = 2 2 9- 2 log|t| 2 +log|fc(i)| 2 + 0(loglog|t|- 1 ) (i-+0). 

(2) If g = 1 or g = 2, then h(0) ^ 0. 

Proof. We follow [39l P-370, Sect. 3]. For E G & g , we write E = (**£), where 

zefi, to e C9-\ ze 6 9 _i. 

(1) Since Co is an irreducible curve of arithmetic genus g > with one node, the 
normalization of Co is a smooth curve of genus g — 1. By [19l Cor. 3. 8], there exists 
a holomorphic function ip{t) on A with values in complex symmetric g x (/-matrices 
such that 



(4.2) Q{C t ) = 



log t . . , . 
2^ + ^ 



9 ' W-l <V X 



7ri(ni + i) 2 z+2iri(ni + i) t w(n'+a')+7ri*(n'+a')Z(n'+a')+27ri t (n+a)6 



Write V(0) = (t° X°)' Then Z o e & g -i and lim^ «(<?*) = \M 6 -Vi <= -4*- 

For a, 6 G {0,^} 9 , write a = (oi,a'), 6 = {h,b'), where ai,&i G {0, |}, a', 6' G 
{0, j} 3-1 . Let ai = ^. There is a holomorphic function f a / {/(£,w, Z) such that 
(4.3) 
o , 6 (JC) = 2 

n=(n 1 ,n')eZxZ9- 1 

= e^{e-^9 a ,, b ,{-u/2,Z) + e^0 a ,, b> {Lol2 1 Z) + e 2mz f a ,, b ,{e 2 ™ 1 Lu 1 Z)} 
= e s ¥{2^e a >,v(u/2,Z) + e 2 ™f a >,v{e 2 ™,u,Z)}, 

where we used 4*a& G 2Z and the identity 9 a >y(-u/2, Z) = (-l) 4Vb ' ' d a > , b >(uj/2, Z) 
[4H1 p. 167, Prop. 3.14] to get the third equality. The number of even (a,b) with 
ai = 1/2 is given by 2 2( - 9 ~ 1 '> . 

Similarly, let a\ = 0. Then the pair (a' , b') must be even. There is a holomorphic 
function g a i b > (£, w, Z) such that 
(4-4) 

n l y\ \ A 7rm 1 2+27rmi aj(n'+a/)+7T2 (n / +a / )Z(n / +a / )+27rz (n+a)b 

n=(ni,n')eZxZfl- 1 

= (-l) 2ta ' b '^,h'(^) + e" 2 ^, 6 -(e^, W ,Z). 
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By (|4.3[) . (|4.4|) . there is a holomorphic function F(£,u), Z) such that 

(4.5) 

X g (I7) 8 = n M^) 8 = (^) 8 ' 22(9 "V(e-^,Z) = {e 2 ™f s - 2 F{e™,u,Z). 

(a,b) even 

Since x 8 g is a Siegel modular form and hence Xg{^ + A) s = Xg(^) 8 i ^XC> W >^) i s 
an even function in (. By (J4.2I) . z = (logi)/27ri + ipn(t) for some ipn(t) £ C(^)- 
Hence exp(27ri2:) = tex-p(2iriipn(t)). By (|4.5j) . there exists h(t) E O(A) such that 



(4.6) x l^l A + m \ =t *' h{t ). 

Since Im(^*A + ^(t)) = (--Llog|i|L4 + Im^(O) + 0(\t\) with ^(0) = (^°), 
Z e 6 9 -i, we get 

(4.7) drtlmf^A + W) det^a^ 

By gj]), dH]), (EH), w e get (1). 

(2) Let g — 1. Since p: C — >• A is an ordinary singular family of elliptic curves, 
(A, 0) is regarded as a local coordinate of A\ centered at the cusp +ioo. Since 
x\ (t) = ??(t) 24 vanishes of order 1 at the cusp of A*, we get (2) in this case. 

Let 5 = 2. Then lo e C, Z Q e ft and $ a > ib >(Zo) ^ in (JO]) . Set A :=Z + Z Z. 
By (JHHJ), the assertion (2) follows if a , 6 (w o /2, Z ) 7^ for all (a, 6) e {0,1/2}. 
Since div0 a , b (-, Z ) = [(a + ±)Z + (6 + |)] G C/A by 40, Lemma 4.1], it suffices 
to prove tJ 1 ^ (-kZ)Zo + |Z, i.e., w ^ A . Let i: Co — > Co be the normalization. 
Since is the node of Co, we can write t _1 (o) = {01, 02} with 01 7^ ^2- By [19j 
p. 53 Cor. 3.8] , there exist a symplectic basis {a, /3} of i?i (Co , Z) and a holomorphic 
1-form i> on Co such that J v = 1, JgV = Zo and J~ 2 w = cjo ■ Since Oi 7^ 02 , we 
get wo ^ Ao. This proves (2). □ 

Let w@ be the Sp2g(Z)-invariant Kahler form on & g defined as 
u>e g (S) -=-dd c log detlmS, £e6 9 . 
Let to a be the Kahler form on A g in the sense of orbifolds induced from w@ ■ Then 

U Ag =C!{Tg,\\ ■ II). 

Let I(M) C Z be the ideal defined as follows: q € X{M) if and only if there 
exists Tj, (M) e H x {A* g{M) ,0* A *^) with^ (M) U s(M) =J rq g(My 



Let i: Q° M ± U £> m _l ^ ^m-l be the inclusion. For g € I{M), we set 
A^ : = **°n° iuc; ' ± { J *M^g(M))- 



By [SHI Lemma 3.6] and Proposition 12.21 the On ± -module A M is an invertible 
sheaf on il M ± . We identify \ q M with the corresponding holomorphic line bundle on 
^a/j- ■ By [58, Lemma 3.7] and Proposition l2.21 the 0(M )-action on X q M \a° uv° 
induced from the 0(A/- L )-equivariant map Jm, extends to the one on \ q M . Hence 
X 9 M is equipped with the structure of an 0(M -L )-equivariant line bundle on X q M . 
Let || • Ha' be the 0(M )-invariant Hermitian metric on A M |n° defined as 

n-iu«„:=(^rn-ii- 
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By (|4.1j) . {J%[)*UA g , M) is a C°° closed semi-positive (1, l)-form on £l° M ±_ such that 

q(J° M )*u;A giM) =cl(\ 9 M \t ) o tX ,\\'\\\i)- Since dim fi ^ \ (^ UP V ) <dimfi M x- 
2 when r(M) < 18, we can define the closed positive (1, l)-current J^Wa t M ) on 
Hjvf-L as the trivial extension of (J^ 4 )*uiA g{M) from fi^ j. to flj^ 1 - by [52., p. 53 
Th. 1] and [551 Th.3.9]. When r(M) = 19, (Jm)* w -4, ( m) extends trivially to a 
closed positive (1, l)-current J^u>a (m) on ^a/ x i because (<^m)*wa (M) bas Poincare 
growth along £> m _l by (5J1 Prop.3".8]. By ^J p. 53 Th. 1] and |S8j Th.3.13], the 
Hermitian metric || • ||a 8 on -^1/1^° extends to a singular Hermitian metric on X q M 
with curvature current 

(4-8) c 1 (Xj i ,\\.\\ xh )=qJ^u Agluy 

Let I G Z >0 be such that 29( M )+ 1 (2»( A/ > + 1)£ G I(M). Then j-2^ )+1 (2 B(M) +D^ 
extends to a holomorphic line bundle on ^4*/ M - ) - Since x^f(M) 1S a holomorphic 
section of J 7 , M ., l ' , JmX^(m) IS an 0(M J -)-invariant holomorphic section 

of A M . If Jm(°m-l) ^ ^nuli, ff (M). we define 

3) := div(J^M))- 
Since Jm is 0(M^)-equivariant with respect to the trivial 0(M- L )-action on A* , My 
33 is an 0(M -^-invariant effective divisor on ft M ±. By [52l p. 53 Th. 1], [58j 
Th.3.13] and (|4.8|) . log || «/jw"Xnfjw) II bes in L 1 1 oc (ri M ^) and satisfies the following 
equation of currents on Cl M ± 

(4.9) - dd c log || J^m) II 2 = 2«( M )+ 1 (2 ff(M) + l)U* M u Agm) S s . 

Recall that the divisor T>' M± was defined in Sect. II. 41 

Proposition 4.2. Assume that r(M) > 10 or (r(M),S(M)) = (10,1) and that 
g(M) > 0. Hence M is non- exceptional. Let £ G Z >0 be such that 29( M )+ 1 (2^ M ) + 
1)£ G I(M). T/ien i/ie following hold: 

(!) J m(^°m±) <t 0null, 9 (M)- 

(2) There exist an integer a G Z>o and an 0(M ± ) -invariant (possibly empty) 
effective divisor E on Qm 1 - such that dim(_E n ^Xf-O < dimI'V f _ L and 

33 = 2{2 2a{M) - 2 + a)£V' M± + S. 

In particular, the following eguation of currents on Qm 1 - holds: 

-ddciog\\Jl.al\ M A\ 2 = 2 a{M) ^ 

(3) Ifg(M) = 1 or 5 (Af) = 2, tfien a = and £ = in (2). 

Proof. (1) Let (X, t) be a 2-elementary K3 surface of type M and let C be 
the main component of X L . By Riemann's theorem [24j p. 338] and Riemann's 
singularities theorem [38], [24j p. 348], C has an effective even theta-characteristic 
if and only if J° M {X,t) G 6> nu ii, s (Af)- Since r(M) > 10 or (r(M),6(M)) = (10,1), 
there exists by Proposition 13.41 a 2-elementary K2> surface (X, l) of type M such 
that the main component of X L has no effective even theta-characteristics, i.e., 
J° m {X,l) <jL 9 nun ,g(M)- Tbis proves (1). 

(2) Since 33 is an 0(M- L )-invariant effective divisor on f2 M j_, we can write 
33 = J^deA' 'm(d) Hd + E, where m(d) G Z>o and E is an effective divisor on 
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fl M ± with dim(V / M± nE) < dhaV' M± - 1. Since g(H d ) = H g{d) for all g € 0{M^) 
and d £ A' M± , the 0(M )-invariance of 2D implies that m(g(d)) = m(d) for all g £ 
0{M^) and d £ A' M± . Since 0{M^) acts transitively on A' Afi by [20, Prop. 3.3] 
and Proposition II L6I (5) below, there exists a £ Z>o with 

(4.10) T) = aV M± +E. 

Let d £ A' M± and p e iJ d . Let 7: A — » X M ± be a holomorphic curve inter- 
secting 5^ transversally at 7(0) = p such that j(A\{0}) C Mm\ (Pm 1 - U 25). 
By Theorem 12.31 (1), there exists an ordinary singular family of 2-elementary K3 
surfaces pz ■ (Z, t) — > A of type M with Griffiths period map 7, such that (Zo,To) 
is a 2-elementary if 3 surface of type [M _L rf] with Griffiths period 7(0). 

Since the natural projection II M ± : Sl M i — > M M i is doubly ramified along H^ 
by [551 Prop. 1.9 (4)], there exists a holomorphic curve c: A —> fi M i intersecting 
H% transversally at c(0) £ H^ such that II M ±(c(t)) — 7(t 2 ). Hence we have 

(4.11) J M (c(t)) = Q(Z 1 /). 

Since d £ A' M± , l is of type (2,1) by Theorem EH (2). By [551 Prop. 2.5], 
p\z>- ■ Z L — > Z\ is an ordinary singular family of curves. Let C C Z L be the connected 
component such that Ct := COZ^ is the main component of Z^ for all t £ A\{0}. 
Since the normalization of Zq° is given by (ZqY , the normalization of Co has genus 
g(M) — 1 by Theorem l2.3l (2). Hence Co is singular and p\c : C — >• A is an ordinary 
singular family of curves. Since the normalization of Co has genus g(M) — 1 and 
since Co has a unique node as its singular set, Co is irreducible. 

We apply Lemma |4. II to the ordinary singular family p\c : C — > A with irreducible 
C . Since Q{C t ) = 0{Z?) for all i e ^\{0}, there exists h(t) £ 0{A) by LemmaO 
(1) such that 

(4.12) log || Xg(M) (^(^)) 8 || 2 = 2^ M ^ 2 log \t\ 2 + log \h(t)\ 2 + 0(loglog Itr 1 ). 

Since j(A \ {0}) n 25 = by the choice of 7, h(t) does not vanish identically on A 
by ([d]). Let a € Z> be the multiplicity of h(t) at t = 0. By flTTl) . flUTJ), we get 

(4.13) log ||x 3 (M)(JAf (c(t))) M || 2 = 2(2 2 ^ M )- 2 + a)£ log |t| 2 + 0(loglog [t)" 1 ), 

which yields that i? d C supp25 for d e A' M± . Comparing (|Q|) . (|4~TU| and (|4~T3"|) . 
we get a = 2(2 29 ( M )~ 2 + a)^ in (J4TT0|) . Since 25 and V' M± are 0(M ± )-invariant, so 
is E by P~T0"|) . This proves (2). 

(3) Let <?(M) = 1 or g(M) — 2. By Proposition 13.31 (1), we get the inclusion 
25 C T>m ± - This, together with (|4.10[) . implies the inclusion E C D" M ±- Since 
r{M) > 10 and hence M ^ A^ Af 8 , there exists by Propositions [2^1 and l2~T0l 
a dense Zariski open subset U of 25^^ with Jm(U) C -4 9 (ji/) \ n uii,g(M)- By 
the inclusion E C X>^i, we get /«(£ fl 17) C A g{M) \ 9 nulhg{M) . If E ^ 0, 
J A/ X 8 f j\/i would not vanish on the non-empty dense Zariski open subset -E n U of 
i?, which contradicts the fact that E c 25 = div( ^x 8 (jf))- This proves that E = 0. 
The equality a = follows from (|4.12p . (I4.13P and the nonvanishing h(0) 7^ in 
Lemma |4~T1 (2). This proves the proposition. □ 

Lemma 4.3. Let p: C — > A be an ordinary singular family of curves of genus 2 
such that Co is the join of two elliptic curves intersecting at one point transversally. 
Then 

log|| X 2(tt(C t )) 8 || 2 = Slog \t\ 2 + 0(loglog Itp 1 ) (t -► 0). 
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Proof. Since g = 2 and Co is reducible, we deduce from [HI Cor. 3. 8] the existence 
of a holomorphic map ip: A — ► 62 with 

tf(Ci) = M«)], #)) = (^ £), ^'(0)=(° J), ^i,^e«. 0^0. 

The result follows from e.g. [5T, Eq. (A.24)]. D 

Proposition 4.4. Lei g(M) = 2 and r(M) < 10, i.e., M S A^ © Af 8 . Let 
Wjfx(ljyj_, — 1/2) &e t/ie Heegner divisor defined as 

H M ±{l M ±,-l/2):= Yl H *= E ffd - 

{Ael M x+M J -;A2=-l/2}/±l deA'^ x /±l,rf/2el M x+M- L 

TTien i/ie following equation of divisors on Qj^x holds: 

diy(J* M xf) = UV' MX _ + 16tH M ±(l M ±,-l/2). 
In particular, the following equations of currents on Qj^-x holds: 

-dd c hg\\J* M xf\\ 2 = 4MJ* M u M - U8 v , m± - M6 nM±{lM±j _ iy 

Proof. Let d € A'^ ± and d/2 = l M x. Since M = A^ © Af 8 , we get [M _L d] = 
U Eg (2) by the proof of Proposition 12.101 Let p G B^- Let 7: Z\ -> A^/x be a 
holomorphic curve intersecting i/ d transeversally at 7(0) = p such that 7(Z\\{0}) C 
M-m\{'Dm ± US)). By Theorem l2.3l flL there exists an ordinary singular family of 2- 
elementary K3 surfaces pz '■ {Z, (.) —* A of type M with Griffiths period map 7, such 
that (Zo, To) is a 2-elementary K3 surface of type [M _L d] = U©Es(2) with Griffiths 
period 7(0). As in the proof of Proposition ^. 21 (2) . there exists a holomorphic curve 
c: A — > fWx intersecting Lf^ transversally at c(0) € Lf^ and satisfying f)4.11[) . If 
1 is of type (0,3), then Z{f is the disjoint union of a smooth curve of genus 2 and 
an isolated point by [58l Prop. 2.5], which implies that Jjw(c(0)) G ^2 \ A/2. By 
Theorem 12. 5i this leads to the contradiction 



Jm(c(0)) = Jf MJ . rf] (c(0)) = J5 eE8(2) (c(0)) G AA 2 , 

where the last inclusion follows from Proposition l2.ll (2). Hence 1 is of type (2, 1). 
By 58, Prop. 2.5], p\z L '■ Z '' — >• A is an ordinary singular family of curves. Since 
the normalization of (Zq) 10 is isomorphic to {Zq) l ° by Theorem 12.31 (2) and since 
(Z ,T Q ) is of type [M _L d] = V © E 8 (2), we deduce from Proposition |2~H (2) that 
(Zo) to is the join of two elliptic curves intersecting at one point transversally. By 
Lemma l4~3l we get 

(4.14) log|| X2 (^(Zr)) 8 || 2 = 8 1og|t| 2 + 0(loglog|tr 1 ) (t-^0). 
By (j4~TTj) and (|4~14|) . we get 

(4.15) log|| X2 (J M (c(t))) 8 || 2 = 16 1og|i| 2 + 0(loglog|tr 1 ) (t^O). 



By Proposition[2j](3), we get Jm(^° m ±) = Jm{^°m±) C ^ 2 \0rmll,2. By Proposi- 
tion l2.10[ we get JWCUdeA" d/2^1 H d) c -^2 \ #nuii,2- By these two inclusions, 

M X' ' ~ MX 

Jm(VU (J HI) C A 2 \ 0„ull,2, 
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which implies that JmX2 does not vanish on Q° M ±_ U UdeA" d/2^1 ^d- Hence 

(fi V u z>^ )nsc (fi^ u v° M± ) \ (fi^ u (J ff d ) 

d£A'^,d/2^1 M x 

cp; ;i uv(i M i,-i/2). 

Since f2 M ± \ (O^ UP^) is an analytic subset of codimension 2 in fij\/-L, we get 

(4.16) 3cD; fl UH M i(V,-l/2). 

Since the proof of Proposition EH (2) works in the case M = A^ Af 8 , (J4TT5|) 
remains valid. Moreover, we get a — in (|4.13[) by Lemma [4.11 (2). The desired 
formula follows from (J4~10| . (J4T3)) with a = 0, (|4T5)) . (J4~T6| . □ 

4.2. Automorphic forms on fir. Let A be a lattice of signature (2,r(A) — 2). 
We fix a vector /a € A <g> R with (Za, l\) > 0, and we set 



JA^D := HzT^ fo]e«t 7 eO+(A). 



( 7M,'a ) 

(v,Ia) 

Since Hi A — 0, ja(j, ■) is a nowhere vanishing holomorphic function on fi^. 

Let r C + (A) be a cofinite subgroup. A holomorphic function / E C(fi^ 
called an automorphic form on fi^ for T of weight p if 

/(7-M) = x(7)Ja(7,M)*7(M), Me fit 7£T, 



where %: T — >■ C* is a unitary character. For an automorphic form / on fij for T 

rl AtrnA/1 *"\ c 



of weight p, the Petersson norm ||/|| is the function on fi^ defined as 



\-2 . . v r\^\p\t(\-X\\1 1- ,r..r, ._ fa'*?) 



||/(M)||^:=x A (N) p |/(W)r, x-a(W) 



If r(A) > 5, then ||/|| 2 is a T-invariant C°° function on fi^, because the group 
r/[r,r] is finite and Abelian and hence x 1S finite in this case. 

We also consider automorphic forms on fi'L-j. with values in the sheaf X q M . Let 
M C La'3 be a primitive 2-elementary Lorentzian sublattice. Let x be a character 
of 0+(7l/- L ). Let p, q E Z. Then \1> E il (fi+ ^ , X q M ) is called an automorphic form 
on fi+ ± for 0+(M- L ) of weight (p, q) if for all 7 E 0+{M^), 

*(7- M) =x(7)jm-(7, W) P 7(*(W)), W e ^. 

For an automorphic form VP on fi'L-j. for + (M ± ) of weight (p, q), the Petersson 
norm of \I/ is a C°° function on flfjx defined as 

(4.17) \\*({v])f ■= K M ,([ v ]r ■ ||*(fo])|fi L , M e n+ x . 

5. The invariant t m of 2-elementary K3 surfaces of type M 

Let (X, 1) be a 2-elementary K3 surface of type M. Identify Z2 with the sub- 
group of Aut(A) generated by i. Let k be a Z2-invariant Kahler form on X. Set 
vol(A, k) := (27r)~ 2 J x k 2 /21. Let 77 be a nowhere vanishing holomorphic 2-form on 
X. The L 2 -norm of 77 is defined as ||r?|||2 := (27r)~ 2 J x rj A 77. 



24 

Let Do, g = 2(3 + d*) 2 be the 9-Laplacian acting on C°° (0, g)-forms on X. Let 
cr(po,g) be the spectrum of Do, g . For A £ a(Do. q ), let -Eo ig (A) be the eigenspace 
of Do, q with respect to the eigenvalue A. Since Z 2 preserves k, -Eo,g(A) is a finite- 
dimensional representation of Z 2 . For s £ C, set 

co,,w(*)- E Tr (^o„(A))A- S . 

Ae CT (D o ,,)\{0} 

Then Co,g(<-)( s ) converges absolutely when Res > dimX, admits a meromorphic 
continuation to the complex plane C, and is holomorphic at s = 0. The equivariant 
analytic torsion of the trivial Hermitian line bundle on (X, n) is defined as 

rz 2 (X, K )( t ):=exp[-^(-l)^C^W(0)]. 
<?>o 

We refer to [35], [5], [BJ, [23] i 0], [31] 1 [31] for more about equivariant and non- 
equivariant analytic torsion. 

Let X L = ^ Ci be the decomposition of the fixed point set oft into the connected 
components. Let Ci(Oj, K\c t ) be the Chern form of (Td, «|c<) an d let r(Ci, k|c«) 
be the analytic torsion of the trivial Hermitian line bundle on (Cj, k|cJ- We define 

tm(X, l) := vol(X, (27t)- 1 K ) 1± ^ £1 tz 2 (X, K )( t ) JJ Vol(C ( , (2 7 r)- 1 K | c Jr(C i , K | Ci ) 



x exp 



1 /" /r/Ar/ Vol(X, (2tt)- 1 k) 



"" ! V« 2 /2! IMI? 



ci(X\ K \ x > 

X' 



IX<- \r» 1^- ll'/llz,2 

which is independent of the choice of k by [58, Th. 5.7]. Hence tm(X,l) is an 
invariant of the pair (X, t), so that Tm descends to a function on ■M- M ±- 

Theorem 5.1. There exist an integer v £ Z >0 and an automorphic form $j\/ on 
il M ± for + (M ± ) of weight (v{r(M) — 6),4i^) with zero divisor vT> M ± such that 
for every 2-elementary K3 surface {X, t) of type M, 

T M (X, i) = 1 1 $ M (w M (X,l))\\-^. 

Proof. See [S5J Main Th.], [BJ Th. 1.1] and Proposition QX1 below. D 

6. BORCHERDS PRODUCTS 

6.1. Modular forms for Mp-zifZl). Recall that Sj c C is the complex upper half- 
plane. Let Mp 2 (Z) be the metaplectic double cover of SX 2 (Z) (cf. [TO] Sect. 2]), 
which is generated by the two elements S := (( 10 )' v 7 ^) an< ^ -^ := ((01)' !)■ ^or 
7 = ((° d ), Vct + d) £ Afp 2 (Z) and r £ S), we define j(j,t) := \fcr + d and 
7 • r := (ar + b)/(cr + d). 

Let M be an even lattice. Let CL4m] be the group ring of the discriminant 
group Am- Let {e 7 } T6j 4 M be the standard basis of CL4jw]- The Weil representation 
Pm ■ Mp 2 (Z) -> GL(CL4 M ]) is defined as follows [TUJ Sect. 2]: 

— o-(M)/2 

(6.1) p M (T) e 7 := e^ e 7 , p M (5) e 7 := £ e^^e,. 

A CL4m] -valued holomorphic function F(t) on ij is a modular form of type pM 
with weight w £ ^Z if the following conditions (a), (b) are satisfied: 
(a) For 7 £ Mp 2 (Z) and r £ Sj, F{j • r) = j( 7 , r) 2 ™ p M ( 7 ) ■ ^(t). 
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(b) F(t) = J2-yeA M e 7 Efee iz c i( k ) e 2 ™ feT , where I is the level of M, c 7 (fc) G Z 
for all fc G jZ and c 7 (fc) = for fc < 0. 
By the first condition of (|6.ip . [13, Eq. (1.4)] and Condition (a), we get 

The group 0{M) acts on CL4,M"] by g{e 1 ) := eg( 7 ), where g G 0(<7m) is the 
element induced by g £ O(M). For a modular form F of type pu-, we define 
Aut(M,F) := {g £ 0{M); g{F) = F}. Then Aut(M,F) is a cofinite subgroup of 
O(M), since Aut(M,F) D ker{0(M) -> 0(g M )}. 

6.2. Borcherds products. Let A be an even lattice of signature (2, r(A) — 2). 
Assume that A = U(AT) © L, for simplicity. A vector of A <E> Q is denoted by 
(to, n, v), where m, n G Q and i> G L ® Q. We write a vector of A\ in the same 
manner. If F(t) — X) 7 eA A f-y( T ) e 7 * s a modular form of type pa, then F(r) induces 
a modular form F|£(t) of type ph with the same weight as follows [HI Th. 5.3]: 

N-x 

(6.3) FU(r) := £ / i+ A(r)e A , / L+A (r) := £ %,o,a)(t). 

AgAl n=0 

Write F|i(r) = £ 76jti e 7 E fce 4 +Z c il7 (fc) e 2 " fc ^. By Sect. 6, p.517], F| L (r) 
induces a chamber structure of C~£: 

(6.4) (C^)° F | L :=C+\ |J h x = U aeA W a , 

\£L V , A 2 <0, c iX (A 2 /2)#0 

where /ij = i 1 = {d £ t ® R; (u, A) = 0} and {Wajagyi is the set of connected 
components of (C^)'L ■ Each component W Q is called a Weyl chamber of F\l(t). 
If A G L ® R satisfies (A, tw) > for all w G W a , we write A • W a > 0. 

Theorem 6.1. Let F(t) — J2 y eA e 7 X/ t . t 2 7 Cj(k) e 2mkT be a modular form of 
type p\ with weight o~(A)/2. TTien i/iere exists a meromorphic automorphic form 
^a(z, F) on fij /or Aut(A, F) n + (A) o/ weigfti c (0)/2 suc/i that 

div(* A (-,F)) = i ^ c A (A 2 /2)ff A = £ c a(A 2 /2)^a. 

AeA v ,A 2 <0 AeA v /±l,A 2 <0 

// W is a Weyl chamber of F\l, then there exists a vector g(L, F\l,W) 6 L®Q 
such that ^a(z, F) is expressed as the following infinite product near the cusp under 
the identification (|1.2[) : For zeL®R + iW with (Imz) 2 > 0, 



$A(Z,F) = e 2 ™(e(L,F\t,,W),z) U TT (]_ _ e 27ri«A,*> + ^)^ ( .n, 0iX) (A72)_ 

AeL v , A-W>0 neZ/NZ 

Proof. See [9, Th. 13.3], [H Th.3.22]. D 



The automorphic form ^a(z, F) is called the Borcherds product or the Borcherds 
lift of F(r), and the vector g(L, F\l, W) is called the Wej/Z vector of *a(^, F). See 
[21 Th. 10.4], pll p.321 Correction] for an explicit formula for g{L,F\ L ,W). 
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7. 2-ELEMENTARY LATTICES AND ELLIPTIC MODULAR FORMS 

Throughout Section 7, we assume that A is an even, 2-elementary lattice. 

Set Mr (4) := {(("£), Vct + d) G Mp 2 (Z); c = mod 4}. Let w € |Z and let 
X- A/To(4) — > C* be a character. A holomorphic function /(r) on .f) is a modular 
form for A/To (4) of weight w with character % if the following (a), (b) are satisfied: 

(a) fin ■ r) = i(7, r) 2w X {l) /(t) for all 7 G Mr (4) and r G $. 

(b) /(r) = E fee iz c ( fc ) e 2 "^ with c ( fc ) = for fc < 0. 

Set g = e 2mT for r G #■ Let t}{t) = q^^Un^ii 1 - <?") be the Dedekind 
^-function and let #2(t), $3(t), ^(t) be the Jacobi theta functions: 

Mr) = E « ( " +i)2/2 > W = J^ « n2/2 > **M = E(~ 1 )>" 2/2 - 

neZ ngZ neZ 

Notice that we use the notation q — e 27rir while q = e* tT in [THl Chap. 4]. Recall 
that Ai is the negative-definite one-dimensional Ai-lattice (—2) and Af = (2). For 
d G {0, 1}, let ^A++d/2( T ) be the theta function of Af: 

A +(r) :=tf 3 (2r), # A + +1/2 (r) :^ 2 (2r). 

By [ini Lemma 5.2], there exists a character xo'- A/To(4) —¥ {±l,±i} such that 
0a+(t) is a modular form for AfFo(4) of weight 1/2 with character xe- 

For k G Z, define /^ (r) , /« (r) G 0(J5) and {cjj^Ohez, {^(Ohez+fc^ by 

/r(T) : = 1w w* = S 4 ° )(0 9 ' = ^ + 8 + 2fe + ° {ql 

fi'\r):=-m V{AT ^ + J {T)k = E 2 C «(/) g ' = -2 fe + 4 ^{l + (fc + l% 2 + 0( (Z 4 )}. 

We define holomorphic functions gi (r) G 0(f)), i G Z/4Z by 

^(r):= E 4 0> (0^ /4 - 

Z=z mod 4 

By definition, 

r ? (r/2) 8 g AJ -(r/4) fe 

4£Z/4Z lW/4) 1 

For a modular form (/>(r) of weight I for A/To (4) and for g G Mp2(Z), we define 
0| 9 (r):=0( 3 -r)j(3,r)- 2 '. 
The following key construction of modular forms of type p\ is due to Borcherds. 

Proposition 7.1. Let(\>(r) be a modular form for MTq(A) of weight I with character 
Xg and set 

BaM(t):= E ^IffWPAfe- 1 )^. 

geAfr (4)\Mp 2 (Z) 

(1) p A ( 3 )e = xe(3) ff(A) e V a^Z 3 G MT (4). 

(2) Sa[0](t) is independent of the choice of representatives o/AiTo(4)\Afp2(Z). 
Moreover, Ba[4>](t) is a modular form for Mpi(fZl) of type p\ of weight I. 



>ivi*> *aj-w«; _ (0 ) 



27 

Proof. (1) Let xa a be the character of AiT (4) defined in 10, Th. 5.4]. Let 
k G Z >0 be such that a(A) + 8fc > 0. Since \A A \ ■ 2^^+ 8k = 2 2 { 2 + 4fc +WA)-''(A))/2} 5 
we get (r^i) = 1 and X|A A |-2"< A )+ Sfc — 1 by the definitions of the character Xn and 
the symbol Q in pJJl p.328]. Hence we get X A A = X^ by [101 Th. 5.4]. 

Set ML(4)' := {(("%), y/cF+ct) G Mp 2 (Z); b = c = mod 4}. By [TUl Th. 5.4], 
we get pA(g)e = Xe(g) a( - A) e for all g G iWT(4)', because xa a = Xe (A) - Since 
the coset Mr (4)/Mr(4)' is represented by {1,T,T 2 ,T 3 }, any g G iWT (4)can be 
expressed as g — T a g , where a G Z and go G MT(4)'. Since p\(T)e = e by (|6.1|) 
and Xe{T) = 1 by [TUl Lemma 5.2], we get 

p A ( 5 )e = p(T) a p(g )e = xe(3o) a(A) e - X e(T a g Q y {A} eo = x e (g) CT(A) e . 

Since g G MTo(4) is an arbitrary element, we get (1). 

(2) By (1), the result follows from [5JJ Th.6.2]. See also [3 Lemma 2.6] and [TOj 

Proof of Lemma 11.1]. □ 

Lemma 7.2. The function f^ (r) is a modular form for MY o (4) of weight — 4 + - 
wif/i character Xg ■ 

Proof. The result follows from (TOj Lemma 5.2 and Th. 6.2]. □ 

Set Z := S 2 = (-(J°),i) and V := 5- J T 2 5 = {(\ °), V~2r + 1). 
Lemma 7.3. TTie coset Afr (4)\Mp 2 (Z) is represented by {1, S, ST, ST 2 , ST 3 , V}. 

Proof. Since none of two elements of {1, S, ST, ST 2 , ST 3 , V} represent the same 
element of MT Q (A)\Mp 2 (Z) and #AiT (4)\Mp 2 (Z) = 6, we get the result. □ 

Recall that 1a G Aa was defined in Sect. ll.2l Define Vo,Vi,V2,V3 G CL4 A ] by 

Vfe := 2J es - 

5eA A ,S 2 = k/2 mod 2 

Lemma 7.4. The following identities hold: 

3 

(1) PaUST 1 )- 1 ) e =i^2'^ ^ r'*v fc , (2) /3A (^- 1 )e = e lA . 

fc=0 

Proof. (1) Since S" 1 = SZ 3 and since p A (Z) e 7 = r ff ( A ) e_ 7 by (pTT]> . we get 
/OA (S'- 1 )eo=p A (5)p A (Z 3 )eo = ^ A )^-^ £ e, = ^2"^ £ e 4 . 

1 A| 8eA A 5gA a 

This, together with the first equation of (|6.ip . yields (1). 
(2) By [TOJ p.325 1.16], we get 



p A (5r- 2 ^)e =*- CT(A) | J 4 A r 1 V e 2 -{^>+-v 2 }e 5 = r CT ( A )e lA 



7,<5g.4a 

where we used the identity £ 7 eA A e 27ri ^^+^ = J2 7 eA A e 27 "^< £+lA > = |A A |<5 lA>e 
(cf. [TOJ Lemma 3.1]) to get the second equality. Since S^ 1 = S 7 = Z 3 S, we get 

PAiV- 1 ) e = PA (Z) 3 PA (5T- 2 5) e = i~^ p A (Z) 3 e u = r°W r MV e±A = GlA . 

This proves (2). D 
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Lemma 7.5. The following identities hold: 

(1) /fW) = 2-H/^(^), (2) /fV(r)=/i 1) (r). 

Proof. We apply Th.5.1] to the lattice A+ = (2). Since A A + = (2) v /(2) = 
{0, |}, the group ring C[A A +] is equipped with the standard basis {ec^e^}. Set 
a+( t ) : = 6l A+( r ) e o + ^A++i/2( r ) e i/2- B y Th.5.1] applied to A^, we get 
(7-1) ®A+(9-T)=j(9,T)p At (g)Q At (T), geM P2 (Z). 

By (jITTj) and (fTTj) . we have 

©a+(^) = i(^T){eo^+ +1/2 (r)+e 1/2 ^+(r)}. 
Comparing the coefficients of eo , we get 

(7.2) e &t \ STl (r) = m-He At (r)+i l e At+1/2 (r)} = (2*)"^^ (l±i) , 

(7-3) ^A+lv(r)=0 A + +1/2 (r). 

Here we get the second equality of (17.21) as follows: 

V -±i) = £ e ™»V+D/4 + £ e «» ! W = ^ + (r) + i\ ++1/a (r). 

' neven nodd 

Set 77 1 -s 2 84-s(t) := 77(t) _8 77(2t) 8 7?(4t)" 8 , which is a modular form for MT (4) 
by LemmaO Since ST* = ((° ~j),Vf+7) and since ^(-t^ 1 ) 8 = t 4 ?7(t) 8 by [23 
Lemma 6.1], we get 

T7l-8 2 84-8|sT'( T ) = (T + /)2 ^i-8284-8 



T 



+ / 



^--/i^h-V) V-- 4iY»> 






•■,,.. n '(i±^ fl±i 



x??(r + »?(— g- J 11 {^~) = 2? 7i-»2«4-8 

which, together with (|7.2p . yields (1). 

Since 1^ = ((_„ y, V— 2r + 1) and since 774-8284-8 (r) has weight —4, we get 

, 1 .,, 4 .,| v ,( T)= (-2r + l)S(- s I TT ) ^-J^)'.^-^ " 



2') 



We define h(r) := t](t + ±)~ 8 ?/(2t + l) 8 ry(4r + 2)~ 8 for reij. Then 

(7.4) r/i-s^-s \v(t) = 16r 4 h (~ 
Sct £ := cxp(27ri/48). Since h(r) is equal to 

oo oo oo 

c -8 + 16-32 {? - A JJ (1 _ ( _ gn -8 }{(? M -Q (1 _ g2 „ )8}{(z -|| JJ (1 _g*»)-8 } 

n— 1 n— 1 n— 1 

oo 

= -cT 1 JJ{(1 - g 2 T 8 (l + g 2 "- 1 )- 8 } • (1 - g 2 ") 8 • {(1 - q 2n y s (l + q 2n )- 8 } 

n=\ 
oo 

= -^ n (! - 9 2n r 8 (i + 9 2n ) _8 ( i + ^v 8 

and since we have the identities i?2(2r) = 2c/ 1 / 4 n^Li(l ~~ <7 2 ™)(1 + <7 2 ™) 2 and 

CO oo 

(7.5) tf 3 (2r) = J] (1 - g 2 ")(l + g 2 "- 1 ) 2 , tf 4 (2r) = [] ( X ^X 1 - 9 2 "" 1 ) 2 

n— 1 n— 1 

by QU p.105, Eqs.(32-36)], we get 

OO 

(7.6) tf 2 (2T) 4 tf 3 (2r) 4 = 2\ J] (1 - g 2 ") 8 (l + <z 2 ") 8 (l + g 2 "" 1 ) 8 = -2 A h{T)~ l . 

n=l 

By PH p.104, Eq.(20)], we have 

iM-O 4 = -r 2 ^ 4 (r) 4 , M-r" 1 ) 4 = -t 2 Mt)\ 

which, together with (J7.6I) . yield the equality 



(7.7) 



= -t- 4 ^(2t)- 4 ^(2t)- 4 

= -T- 4 (fj(l - 9 2n ) 2 (l + g 2 "- 1 )^! - g 2 "- 1 ) 2 



, i tt (1 - <? 2rl )(l - q 4n ){l - q in - 2 ) ' 
— r 



n 



(1 - q 4n ) 



yoo ^ 2n\2 ^ ~~ ^ 

= -T- 4 ? ? (2r)- 16 7 ? (4T) 8 . 



4 rnr =1 (i-'/ 2 



nr=i(i-9 4 ") 

Here we used (|7.5p to get the third equality. We deduce from (|7.4|) . (|7.7|l that 

(7.8) th-«2»4-«k(r) = -1677(2r)- 16 ry(4r) 8 . 

We get (2) from fLl and (JUJ. D 



:i() 



Definition 7.6. For a 2-elementary lattice A, define a C[^4A]-valued holomorphic 
function Fa(t) on Sj by 



3 

4-g(A)-i(A) 



Mr) : = / 8 ( t(A)M eo + 2~^~ £ ff£ CT(A) (r) v* + /£>, (a) (t) e lA 
= /s ( t(A) W eo + 2^^ £ ^ A) (r) e 7 + C (A) (r) *, 



76^A 

By the Fourier expansions of fl '(t) and fy '(t) at g = 0, we get the following 
Fourier expansion of -Fa(t) at q = 0: 
(7.9) 

, t , 4-cr(A)-Z(A) 

Fa(t) = {<r 1 +24 + 2 O -(A) + 0(g)} e + 2 i {24 + 2cr(A) + 0(q)} v 

+ 0(q 1 ' i ) Vl + Ofe 1 ' 2 ) V 2 + 2 4 ' g(A 2 '" (A) { 9 -V4 + Otf'*)} V 3 

- 2 12 + CT ( A > ,^{1 + (24 + <j(A)) g 2 + 0( g 4 )} e lA . 

Theorem 7.7. (1) F a (t) = S a [?7i-8 2 8 4 -86'^' t(A) ](t). In particular, F a (t) is 

a modular form for Mp2(7i) of type p\ with weight <r(A)/2. 

(2) TTie group 0(A) preserves Fa, i.e., Ant (Fa, A) = 0(A). 

(3) Ifb + (A) < 2 and o~(A) > —12, Fa(t) has integral Fourier coefficients. 

Proof. (1) Set k = 8 + ct(A) and <f>( T ) = /^ 0) (r) in Proposition O Since /f '(r) is 
a modular form for MT (4) of weight (k — 8)/2 = a(A)/2 with character x# = Xg 
by Lemma r7.2[ Ba[/^ ](t) is a modular form for Mp 2 (Z) of type p A with weight 
er(A)/2 by Proposition O We prove that F A = BaL/^]- Since k = 8 + ct(A) and 
|A A | = 2 i(A) , we deduce from Lemmas El (1) and 1731(1) that 
(7.10) 

E/i° ) l^(r)PA((5T'r 1 )e„=E2^^^|AA|-E4 C '' " v 

;=o z=o j=o 



=2^ ^EE/rf^^v, 

j=0 Z=0 ^ ' 

= 2-^^EE E ^(r+O^v,. 

j=0 Z=0 SGZ/4Z 

Recall that /f (r) = EZ-i^W q n . Since 9 [*»(r) = £_ s mod J? (n) 9 n/4 , 
we get 

<?i 8 V+o = E 4 0) He 27rm(r+/)/4 = E 4°V)^" n/4 



n=s mod 4 n=s mod 4 



which yields that 

3 



J2i- jl 9 ( :\r+i)= E 4 0) (-)E^'N" /4 = 4 ^.9i s) w- 

(=0 n=s mod 4 2=0 
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Hence we get 



E E i~ il 9k ) (r + t)= E AX - Js) ' ,_ '"''''' 

1=0 SGZ/4Z s£Z/4Z 

which, together with (|7.10p . yields that 

(7.11) tf^ST^-PAdST 1 )- 1 ) e = 2 £ -^^^^(r)v J , 

1=0 j=0 

Similarly, we get by Lemmas 17.41 (2) and 17.51 (2) 

(7-12) fi 0) \ v (r)p A (V- 1 )e = fi 1 \r)e lA . 



i 0) ] 



By (ITHl) and (T7~T2l . we get F A = B A [f, 

(2) Since g(e 7 ) = e§( 7 ) for 5 £ 0(A) and 7 G Aa, we get g(e ) = e and g(vi) = 
Vj for all g £ O(A) by the definition of Vj. Since 1a is 0(<jA)-invariant by its 
uniqueness, we get g(l A ) = 1a for all g £ 0(A). This proves Aut(i<A, A) = 0(A). 

(3) Since fj, (t), g^ (r), /i (r) have integral Fourier coefficients for k > —4, 

i.e., cr(A) > —12, it suffices to prove by Definition 17.61 that 2 2 g Z when 

6+ (A) < 2. Since cr(A) = 26+(A) - r(A), r(A) > Z(A) and r(A) = Z(A) mod 2, we 
get 4 - cr(A) - /(A) = 2(2 - 6+(A)) + r(A) - J (A) > and 4 - cx(A) - /(A) = 
mod 2. D 

Recall that Fa induces a modular form F\\l of type p^ when A = U(7V) ® L (cf. 
Sect. 16. 2p . Since A is 2-elementary, N £ {1, 2} and L is 2-elementary in this case. 

Lemma 7.8. If A = V(N) £, tfien F A \ L = F L . 

Proof. Write F a \ l (t) = £ 7eA JF a | l ) 7 (t) e 7 . Since 1 D(JV) = (0,0) for N = 1,2, 
we get 1 A = ((0,0), 1^). Since ((n/N, 0),7) 2 = 7 2 mod 2 for 7 e A L , it follows 
from Definition 17.61 and the definition of (F a \l)(t) (cf. (|6.3|) ) that 

(7.13) (F A | L ) 7( r)= { f^ {A) (r) + N2^^gZ (A) (r) (7 = 0) 

[CW + ^^CW (7 = 1,). 

In the last equality, we used the formula 1 A = —^- mod 2, which follows from 
(|672|) . dZU). If JV = 1, A A = A L and hence F A | L = F A = F L by Definition [LS and 
([77131) . Assume AT = 2. Since er(A) = <r(£) and 1(A) = l(L) + 2, we get F A \ L = F L 
by comparing the definition of Fl with (|7.13| . This proves the lemma. D 

Lemma 7.9. Let L be a 2-elementary Lorentzian lattice. If r(L) < 10, then a 
subset of C~£ is a Weyl chamber of L if and only if it is a Weyl chamber of Fl . 

Proof. Write F l (t) = J2 7 eA L e t J2 ke jl +Z c L, 7 (fc) q k ■ By (J6"74"]i . it suffices to prove 
that if A e £ v , A 2 < and c L ^(A 2 /2) 7^ 0, then /i A = ^d for some d £ A L . Since 
8 + a(L) > 0, this follows from (JTSJ). D 



32 

8. BORCHERDS PRODUCTS FOR 2-ELEMENTARY LATTICES 

Throughout this section, we assume that A is an even 2-elementary lattice with 
sign(A) = (2, r(A) - 2). Recall that X> A and V" K were defined in Sect.lOl 

Theorem 8.1. If r(A) < 12 7 then the Borcherds lift ^ A (-,F A ) is a holomorphic 
automorphic form on $7^ for + (A) with zero divisor 

div(* A (-, F A )) = V' A + ( 2 (-( A )-'( A ))/ 2 + 1) VI. 
The weight w(A) of V^aO, Fa) is given by the following formula: 

( (16 - r (A))(2« A )-'( A »/ 2 + 1) - 8(1 - 5(A)) (r(A) = 12), 
W( )_ j (16-r(A))(2( r ( A )~'( A ))/ 2 + l) (r(A)<12). 

Proof. Since r(A) < 12 and sign(A) = (2,r(A) - 2), we get <r(A) = 4 - r(A) and 
8 + ct(A) > 0. By Theorem O (2), we get Aut(A,F A ) = 0(A). Write F a {t) = 
J2-yeA A e 7 St. ii + z CA -i(k) q ■ By (|7.9p . we see that c Ai7 (fc) > if k < and that 

the coefficient of e iA , i.e., /g +0 .m( r )' * s re gul ar at <? = 0. By Theorem 16.11 and 

(I7.9|) . 4' A (-,i 7 A ) is an automorphic form for + (A) such that 

(8.1) 

div(* A (.,F A ))= E c Arx (X 2 /2)H x 

AeA v /±l, A 2 <0 

2 c A ,o(A 2 /2)ff A + J2 c K - x {X 2 /2)H x 

AeA/±l, A 2 /2=-l AeA v /±l,A 2 /2=-l/4 

x — , 4-o-(A)-i(A) x — , , r(A)-!(A) 

= J2 ^ + 2 2 Y. H x =V' K + (2-^+l)Vl. 

AeA A /±i AeAX/±i 

By Theorem EU io(A) = c AS (0)/2. If r(A) = 12 and 5(A) = 0, then 1 A = 0, 
which, substituted into (|7.9|) . implies that 
(8-2) 

Fa(t) = {q- 1 + 24 + 2<r(A) + 0(q)} e + 2 i ~° (A t' w {24 + 2ct(A) + O(q)} v 
+ GV/4) Vl + 0(9 i/ 2) V2 + 2 *-CA)-»(A) |^ 1/4 + 0(g3/4) | ^ 

+ {-16 + O( 9 )}e . 

Since vo contains eo with multiplicity one and since <t(A) = 4 — r(A), we deduce 
from (|5^1) that 

CA nfO) 4-<t(A)-!(A) r(A)-l(A) 

w(A) = ^pi = 12+<t(A)+2 — L ^^ a (12+ f r(A))-8 = (16-r(A))(2 2 +1)-S 

This proves the formula for w(A) when r(A) = 12 and (5(A) = 0. 

If r(A) < 12 or (r(A),<5(A)) = (12, 1), the coefficient of ei A does not contribute 
to c A ,o(0) by ([775]) . so that 

CA nfO) 4-ct(A)-!(A) r(A)-((A) 

w(A) - ^p = 12 + ,r(A) + 2 ' 2 ' ' (12 + <r(A)) = (16 - r(A))(2^"^ + 1) 
in this case. This completes the proof of Theorem 18. II □ 

Corollary 8.2. If r(A) < 12 and A A = 0, then div(# A (-, F A )) = V A . 
Proof. Since A A = 0, the result follows from Theorem 18. II □ 
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Corollary 8.3. The moduli space of 2- elementary K3 surfaces of type M is quasi- 
affine if r(M) > 10. 

Proof. Set A := Al- 1 . Then r(A) < 12. An automorphic form on $7 a is identified 
with a holomorphic section of an ample line bundle over M* A by Baily-Borel [2J. 
Hence Ma \ div(\l/A(-,i*A)) is quasi-affine. Since suppdiv(^ A (-, Fa)) = T>a by 
Theorem 18. II and hence M A = Ma \ div(^A(-, Fa)), we get the result. □ 

In [H Sect. 2], Q] Sect. 2.2], [16j Sects. 1-3], the notion of lattice polarized if 3 
surface was introduced. We follow the definition in [16] . 

Corollary 8.4. If M is a primitive 2-elementary Lorentzian sublattice o/Lx3 with 
r(M) > 10, then the moduli space of ample M -polarized K3 surfaces is quasi-affine. 

Proof. Set O^M^) := kcr{0+(M- L ) -> 0(q M ±)}, where 0+(Af- L ) -> 0(g M i) 
denotes the natural homomorphism. By [TBI P-2607], the coarse moduli space of 
ample M -polarized K3 surfaces is isomorphic to the analytic space £l>° M ± /Oq(M ± ). 
By this description, the proof of the corollary is similar to that of Corollarv l8.3l D 

For the table of isomctry classes of primitive 2-elementary Lorentzian sublattices 
M C L A -3 with r(M) > 10, see [20j Appendix, Tables 1,2,3]; there are 49 isometry 
classes. There are some examples of lattices A with 6 + (A) = 2 admitting an auto- 
morphic form on fi A with zero divisor T>a- See [7j Sect. 16 Examples 1,2,3], [8], [TUl 
Sect. 12], [TQ Examples 2.1, 2.2], [57| II, Th. 5.2.1], [33 Th.6.4], [51j Sect. 10] etc. 

As a related result, we mention the following: 

Theorem 8.5. The moduli space of 2-elementary K3 surfaces of type M contains 
no complete curves if r(M) > 7. The same is true for the moduli space of ample 
M -polarized K3 surfaces if M is 2-elementary and r{M) > 7. 

Proof. By [58] Th. 5.9], tm is a strongly pluri-subharmonic function on M° M± if 
r(M) > 7. Hence M° M± contains no complete curves when r(M) > 7 . Since the 
moduli space of ample M -polarized K2> surfaces Q,° M ± / Oq (M^) is a finite covering 
of M° M± , the second assertion follows from the first one. □ 

Question 8.6. The existence of a strongly pluri-subharmonic function on a quasi- 
projective variety X does not necessarily imply the quasi-amneness of X . (See [251 
p. 232 Example 3.2] for a counter example.) If r(M) > 7, is M° M± quasi-affine? 

Assume A = V(N) ® L, where L is a 2-elementary Lorentzian lattice with 
r(L) < 10 and N G {1,2}. Hence r(A) < 12, and F A \ L = F L by Lemma 
By [H Th. 13.3], Definition [H and the definitions of /£ 0) (t): fk\ T ) and 9k\ T )> 
the infinite product for *&a(-,Fa) is given explicitly as follows: 

^A(z,F A ) = e 2 ^^ J] (l_ e 2-<A,,) ) 4°t (A) (A 2 /2) 

AGL,A-W>0, A 2 >-2 



r(A)-l(A) 



(O) 



(8.3) x I] (l- e * m ^) 2 2 c b^ (a ,(^/2) 

AG2L V , A W>0, A 2 >-2 
X TT (l_ e 2«<A^>)24+.(A)( A2 /2) ; 

Ae(l L + L),A-W>0, A2>0 

where z6i®R + i>V with (Imz) 2 >0, W C I ® R is a Weyl chamber of L by 
Lemma 1731 and g = g(L, F L , W) G L <g> Q is the Weyl vector of (L, F L ,W). 
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Example 8.7. Let A = U(2)® A^ ® Af fc with < k < 8. By [61, Th. 1.1], * A (-,F A ) 
is regarded as an automorphic form on the Kahler moduli of a Del Pezzo surface of 
degree 9 — k, which appears in the formula for the BCOV invariant 18 of certain 
Borcea-Voisin threefolds. By [61] Props. 4.1 and 4.3] and [26] Proof of Th. 2.3 
(a) and Sect. 3], there is a Borcherds-Kac-Moody superalgebra with denominator 
function v I'a(-, F\). In [25] Cors. 3.4 and 3.5], Gritsenko gave a very explicit Fourier 
series expansion of ^a(',Fa) under an appropriate identification of the domains 
f2 A and ^u® 2 eD fc -i- 

Example 8.8. Let A = U(2)ffiU(2)ffiE 8 (2). We have 1(A) = 12 and io(A) = 0. This 
A admits no primitive embedding into L^3 by [43] Th. 1.12.1]. Since Aa = 0, we get 
T>\ = 0, so that \1/a(-,-Fa) is a constant function. This -Fa(t) gives an example of 
non-trivial elliptic modular form for Mp2(2) whose Borcherds lift becomes trivial. 

Example 8.9. Let A = U U(2) E 8 (2). We have 1(A) = 10 and w(A) = 4. Then 
^\(',F\) is the Borcherds <&-function of dimension 10. See Sect. 15, Example 
4], [3], Example 13.7], Ql Sect. 13], [H Sect. 11], [31 Remark 4.7, Th. 7.1], [50], 
[58l Sect. 8.1] for more about this example and related results. 

Example 8.10. Let A = U 2 © E 8 (2). We have 1(A) = 8 and w(A) = 12. Then 
^a(-,F\) = *a(-,0 a + ( T )/ ? 7( r ) 24 ) i s tne restriction of the Borcherds ^-function 
of dimension 26 to fl\, where A + (t) is the theta function 19, Sect. 41 for the 
positive-definite 16-dimensional Barnes-Wall lattice A^ 6 . See [58, Sect. 8.2]. 

Example 8.11. Let A = U U(2) D|. We have 1(A) = 6 and w(A) = 28. Kondo 
[33l Th. 6.4] used ^aO, -Fa) to study the projective model of the moduli space of 8 
points on P 1 . By [33] Th. 6.7 and its proof], \&a(-, -Fa) 15 is expressed as the product 
of certain 105 additive Borcherds lifts jH Sect. 14]. See also [22] Sect. 12]. 

Example 8.12. Let A = U U © E 8 . Then 1(A) = and w(A) = 252. We get 
F\(t) = Ei(T) 2 /rj(T) 24 : where E±(t) is the Eisenstein series of weight 4. The 
corresponding Borcherds lift ^a(-,F\) = $ a(-,-E4(t) 2 /t](t) 24 ) was introduced by 
Borcherds 7, Th. 10.1, Sect. 16 Example 1]. By Harvey-Moore [29] Sects. 4 and 5], 
^a^E^t) 2 /t](t) 24: ) appears in the formula for the one-loop coupling renormaliza- 
tion [291 Eqs. (4.1), (4.5), (4.16), (4.27)]. 

Example 8.13. When A = U 2 © D4, ^\(-,Fa) coincides with the automorphic 
form A of Freitag-Hermann [21] Th. 11.6]. Notice that the weight of A is 72 in 
our definition (cf. 21, p.250 1.21-1.23]). By [21, Proof of Th. 11.5], %a(-,F a ) is 
expressed as the product of certain 36 theta functions. 

Example 8.14. When A = (A^) ffi2 ffiAf 4 , * A (., F A ) is the product of all even Freitag 
theta functions [55], [59] Th. 7.9], so that the structure of v I'a(-,-Fa) is similar to 
that of *ueu(2)eDl(- I i? ueu(2)eDl) I ^iPeB^-^iPeBj- For the corresponding 2- 
elementary K3 surfaces, see [55] , 

Example 8.15. When A = (A+) ffi2 ©Af 3 , \E'a(-, Fa) coincides with the automorphic 
form A n of Gritscnko-Nikulin [57] II, Example 3.4 and Th. 5.2.1]. When A = U 2 © 
Ai, ^a(',Fa) coincides with the automorphic form AIA35 of Gritsenko-Nikulin 
[27] II, Examples 2.4 and 3.9, Th. 5.2.1]. 

Theorem 8.16. Let A = U © U © E 8 (2) © Ai. Then the Borcherds lift * A (-, F A ) 
is a meromorphic automorphic form for + (A) of weight 15 with zero divisor 

2? a + 52? a -8H a (1a,-1/2). 



.",5 



Proof. We have r(A) = 13, 1(A) = 9, cr(A) = -9 and 5(A) = 1. By Theorem 
anddZU), the weight of * A (-, F A ) is given by (12 + cr(A))(2( 4 - <T ( A )-'( A »/ 2 + 1) = 15 
and the divisor of *&a(': Fa) is given by 



Pa + 2 ~" r VI - 2 12 +-( A ) Ha(1a, -1/2) = V' A + hV" K - 8H A (1a, -1/2), 



8 + g(A) 



where — 2 12+ct( ^ a ^a(1a, — |) comes from the negative coefficient of g * ei 



m 



(|7.9|) . This proves the theorem. D 

9. An explicit formula for tm 

Theorem 9.1. Let M be a primitive 2-elementary Lorentzian sublattice of 'L.K3- If 
r(M) > 10 or (r(M),6(M)) — (10,1), then there is a constant Cm > depending 
only on M such that for every 2-elementary K3 surface (X, i) of type M , 

r M (A,0^ 9(M,+1(29(M)+1) = C M \\* m .(1*m(X, ,), F M ,)\\»™ ||x flW (fl(X')|| 18 . 

In particular, if £ & Z>o is an integer such that J- , M < extends to a very 

ample line bundle on A* i M \, then the following equality holds in Theorem ] 5. 1\ 

*m = c% 2 a M , (, f m , r {M) -^ ® r MX f iM) . 

Proof By our assumption r(M) > 10, we get r(M ± ) < 12. If the equality r( M- 1 ) = 
12 holds, then 5(M) = 1. We set A = M 1 - in Theorem 1531 Then we have 

ifi m <M\ a r ^ - l ^ 11 r(M)+l(M) 

16 - r(A) = r(M) - 6, = 11 = g(M). 

Recall that the Bergman kernel K M ± € C 0o (f2'L-_ L ) was defined in Sect. 14. 21 Let 
Wjif-L be the Kahler form of the Bergman metric on Qt,± > l - e -> 

w M i := — dd c log K M ±. 

By [SHI Eq. (7.1)], [521 Th. 4.1], we have the following equation of currents on f2 M j_: 

r(M) - 6 1 

— W M .L + J M UA glM) - -' 

By Theorem 18. 1[ (J4.17I) and the Poincare-Lelong formula, we get 

(9.2) 
-2°M- l dd?\og\\* M ±(;F M ±)\\ 2 

= 2 9( M )- 1 (2^^ / ) + l)MM) - 6) u M ± - 2°™-^ - 2 ^ M )^(2^ M ) + 1)5 V „ 

By Proposition 14.21 (2), there exist a € Z>o and an + (M ± )-invariant effective 

divisor J5 on fltfj. sucn that 

(9.3) 

-dd c log||J^M)l| 2 = 2 9(M)+1 (2^+l)£J^a;^ (M) -2(2 2 ^)- 2 +a)^^ i -fe. 

By (J9.1II . (|9.2[) . (|9.3|) . we get the following equation of currents on Q M ±- 

-dd c log[r 2 f (2 +1 ^||^ M x(.,F M x) 2 Bi)l ®J M xl\ M ) 

= -2a£5 v , ~S E . 



(9-1) dd c logTM = - A w M i + J* m uj As(m) - 7 S Vl 



:s<; 



Since \ogr M , \og\\^ M ±(-,F M ±)\\ and log || JmX^jwt)II are 0+(Af -^-invariant Lj 



loc 



function on fi+ x , we deduce from flU]) and [551 Th.3.17], [S3 Eq. (4.8)] the exis- 
tences of an integer m and an + (M _L )-invariant meromorphic function ip on Q M ± 
with divisor m(2a£'D' M j_ + E) such that 



(9.5) 



2 s(M)+l(2 9(M) +l)^ 



'JU 



II*m4->*W) 



2 g(M)-l^ 



8^4) ii 2 = iv 



2/m 



Since a > 0, t > and £7 is effective, ip is holomorphic. By the + (M ± )-invariancc 
of ip, there exists a holomorphic function ip on Mm 1 - such that 



n 



M- 



- t P = f, 



where II M ± : &- M ± — > M-m 1 - is the projection. Recall that M* M 



Borel-Satake compactification of A^ M ±. We define B 
Case 1 Assume that r(M) < 17. Since M* M 



is the Baily- 
M ± ~M* M± \M M ±- 
is an irreducible normal projective 
variety and since dim B M ± < dim.A/f ^ — 2 by the condition r(M) < 17, ip extends 
to a holomorphic function on M* M ± ■ Since M* M ± is compact, ip must be a constant 
function on M* M ± . Hence a = 0, E = and tp is a constant. Setting Cm := |v|~ 2 ^ m 
in (|9.5p . we get the result. 

Case 2 Assume that r(M) > 18. Then g(M) = 11 - r(M) + i(M) < 2. By 
Proposition 14.21 (3), we get a — and £" = 0. Hence ip is a nowhere vanishing 
holomorphic function on A4 M ±. By [621 Th. 1.1], ip has at most zeros or poles 
on B M ±. In particular, ip extends to a meromorphic function on M* M ±_ such that 
div (ip) C B M ±. Since B M ± is irreducible when r(M) > 18 by Proposition 111.71 
below, either div(^) or — div (ip) is effective. In both cases, ip must be a constant. 
This completes the proof. □ 

The following is the table of M 1 - such that M is a primitive 2-elementary 
Lorentzian sublattices M C h K3 with r(M) > 10 or (r(M),8(M)) = (10, 1): 

Table 1. List of M L with r(M) > 10 or (r(M),8(M)) = (10, 1) 



g(M) 


M-l with J(M X ) = 1 


M 1 - with (5(1^) = 





(A+)® 2 ®A® te 


(0 < k < 9) 


U(2)® 2 


i 


U © A+ 8 A® te 


(0 < fc < 9) 


U(2)® 2 ffiD 4 , UffiU(2) 


2 


U® 2 © A® fc 


(1 < k < 8) 


UffiU(2)ffiD 4 , U® 2 


3 


U® 2 © © 4 © A® fe 


(1 < fc < 4) 


U® 2 © D 4 


4 


(A+)® 2 © E 8 © A® fc 


(0 < fc < 2) 




5 


U © A+ © E 8 © Af fc 


(o< fc < 1) 





When (r, S) = (10, 0), the same formula for tm as in Theorem 19 . 1 1 does not hold. 
Proposition 9.2. If (r(M),S(M)) = (10,0) and M ^ U(2) ® E 8 (2), then 

Jtli^M^ C ^null, g(M)- 

Proof. We prove that J M (tt° M± ) (£ nu ii, s (M) yields a contradiction. In what follows, 
assume J^(il° M± ) <£. nu ll, s (M)- Since 5(M A -) = and r(M A -) = 12, 

¥> : = W M x(-,£ M i) ®\ J MXg(M)> 



37 

is an automorphic form on ft+ ± for 0+{M^) of weight 2s( M )- 1 (2 2 ^ M ) - 1)^(4,4) 
by Theorem 18.11 Since J M (tt M± ) <£_ O na n,g(M)> we g et <P ^ 0. We can put f = 
2 9(M)-i( 2 s(M) +1 ^ in TheoremO Set V := ¥>/$^ (M)_1 . Since is an O+tAf- 1 )- 
invariant meromorphic function on fiw-j. , we identify -0 with the corresponding 
meromorphic function on A^t^j.. We compute the divisor of ip. 

Since 5{M^) = implies A^ = 0, we get V" M± _ = 0. Since r(M) = 10 and 
M ¥ U(2) © E 8 (2), we get t/(M) > by Proposition O By Proposition gH (2) 
and Theorem 18. 1[ we get 
(9.6) 
div(» = 29( M )-!(29( M ) + 1)£V' M± + (2 9 < M > - 1){2(2 29 ( M >- 2 + a)£V' M± + E} 
= | 23 (M)-l( 2 2 S (Af) + !) + 2a ( 2 s(M) _ 1)}£D^ + (29( M ) - 1) E. 

By TheoremO div($ M ) = vT>' M± = 2ff( M )- 1 (29( M ) + 1)£V' M± , which, together 
with (f976|) . yields that 



div(t/>) = div(w) - (2 9(M) - l)div($ M ) 
(9 7) 

= {2 9(M) + 2a (2 9(M) - l)}W M s_ + (2 s(M) - 1) E. 

Since £ > 1, a > and since 15 is an effective divisor, div( , 0) is a non-zero and 
effective divisor on OT^ by (|9.7[) . This contradicts the fact that ij; descends to a 
meromorphic function on -M* M ± ■ O 

When 2 < g(M) < 5, one can verify Proposition 19.21 by using the explicit equa- 
tions defining the corresponding log del Pezzo surfaces [41] pp. 494-495, Table 14]. 

Theorem 9.3. If M = A^ © A® 8 , then there exists a constant Cm > depending 
only on M such that for every 2-elementary K3 surface {X, t) of type M , 

t m (X,l)- 4q = Cm \\^MA^M(X,L),F M ^\\ 4 \\x g (M)mX L )\\ 16 . 

Proof. Since M * A+©A® 8 , we get M 1 - = U e2 ©E 8 (2)©Ai by e.g. [2Ql Appendix, 
Table 2]. By (|9.1j) and Proposition 14. 4[ we get 

dd c {-m\o g TM-\og\\r M xf\\ 2 } 

(9.8) = I {-30c M , + 10fe Mi - 8fc^ - 16^ Mx(lMi) _ 4 )} 



By (|9.8[) and |58[ Th. 3.17], there is a meromorphic automorphic form ifM on OTVx 
for 0+ (M 1 - ) of weight 30£ with 

(9.9) div^M = t{20 M ± + \QV' M± _ - 16K M x(l M x,-l/2)} 

such that 

(9.io) 4onogT M + iog||j; fX 2 £ ll 2 = -i°g|l^/ll 2 . 

Since + (M J -)/[0 + (M J -), + {M^)] is a finite Abelian group, there exists v G Z >0 
such that (/?5vf and 4' M ±(-, F M ±) 21 ' are automorphic forms with trivial character. 



dMttAfxO.Fjtfx) 2 */^)" = vl{2V' M1 _ + 102?;V - 16H M ±(l M x,-l/2)} 
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By Theorem OS and (|Q]l . (^ M ±(-,F M x) 2e /(f M ) v is an 0+(M- L )-invariant mero- 

morphic function on Ot^ with 

(9.11) 

- z^{2lV + 10 D^ - 16W M x(l M x,-l/2)} = 0. 
Since div(<3/ M ± (-,F M ± ) /<Pm ) v is empty, there exists a non-zero constant Cm with 

^M=C% 2 ^ M x(;F M x) 2e . 

By ([97TO]> . ([9TTJ) . wc get the result. D 

Question 9.4. Is div(J M x^(M)) a nnear combination of Heegner divisors on Q M ±? 
If it is the case and if M 1 - = U® 2 K for some lattice K, $ ' M / ' J* M X S g \ M ) wiu bc 
expressed as a Borcherds product by [131 Th. 0.8]. Is there a Sicgcl modular form ^ 
on & g r M \ such that div(J^^) is a linear combination of Heegner divisors on (iti? 

10. Equivariant determinant of the Laplacian ON REAL i^3 SURFACES 

In this section, we give an explicit formula for the equivariant determinant of 
real K3 surfaces. We refer to [17], [60] for more details about real K3 surfaces. 

The pair of a K3 surface and an anti-holomorphic involution is called a real K3 
surface. Let (Y, a) be a real K3 surface. There exists a primitive 2-elementary 
Lorentzian sublattice M C l^K3 and a marking a of Y such that aa* or 1 = 1m- A 
holomorphic 2-form 77 on Y is said to be defined over R if 17*77 = f\. Let 7 be a <r- 
invariant Ricci-flat Kahler metric on Y with volume 1. Let A(y i7 ) be the Laplacian 
of (Y, 7). Since er preserves 7, A(y j7 ) commutes with the c-action on C°°(Y). We 
define C!£(Y) := {/ € C°°(y); ct*/ = ±/}, which are preserved by A (Yj7) . We 
set A(Y,-y),± '■= A(Y.-y)\cT(Y)- Let C±(^j7)( s ) denote the spectral zeta function of 
A(y, 7 ).±. Then it converges absolutely for Res ^ and extends meromorphically 
to the complex plane C, and it is holomorphic at s = 0. We define 

det*, 2 A (y , 7) (a) :=exp[-C;(r,7)(0) + C_(y,7)(0)]. 

Let y(R) := {y € Y; a(y) — y} be the set of real points of (Y, a) and let 
y(R) = IliCi be the decomposition into the connected components. Then Y(R) is 
the disjoint union of oriented two-dimensional manifolds. The Riemannian metric 
sIy(R) induces a complex structure on Y(R). The period of Y(R) with respect 
to this complex structure is denoted by i?(V(R),7|y(R)). Let A( Cii7 | c ) be the 
Laplacian of the Riemannian manifold (Cj,7|Cj) and let C(Cji7|cj)(s) denote the 
spectral zeta function of A^Ci,-y\ c •)■ The regularized determinant of A(c ii7 | c ) is 
defined as 

det*A (Ci , 7 | Oi) :=exp[-C(a,7k)'(0)]. 
After [601 Def. 4.4], we define 

r(I>,7) := {de4 2 A ( y 7) (a)}- 2 nVol(C J , 7 | Cl )(det*A (c ^ 7 | Ci) )- 1 . 

Theorem 10.1. Let (Y, a) 6e a rea/ i4T3 surface and let a be a marking ofY such 
that aa* oT 1 = Im- Let 7 be a a-invariant Ricci-flat Kahler metric on Y with 
volume 1. Let uj 1 be the Kahler form 0/7, and let ij-y be a holomorphic 2-form on 
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Y defined over R such that tj 7 Ar? 7 = 2lo^. Ifr(M) > 10 or (r(M),5(M)) = (10,1), 
t/ien t/ie following identity holds: 

_ 4(2 2(M) + 1} i ogT ( F:f7j7 ) = log||* M x(a(w 7 +*Im77 7 ),^ Mi )|| 2 

+ 2^(M)) log|| X9(M) (r2(r(R), 7 | y(R) ))|| 2 + C' M , 

where C' M — 2 log Cm anduj^, rj^ are identified with their cohomology classes. 

Proof. The result follows from Theorem 19. II and [501 Lemma 4.5 Eq. (4.6)]. □ 

11. Appendix 
In this section, we prove some technical results about lattices. 

11.1. A proof of the equality Tm = 0(M X ). Let M be a primitive sublattice of 
Lk3 and set H M ■= h K3 /(M © M x ). Since 1L K3 is unimodular, we get Afffi A/ 1 - C 
h K3 = Vf (3 C M v 8 (M ± ) v , so that iJ A f C A M A m _l. Let p x : H M ->• A M and 
Pi '■ Hm — > ^Af -l be the homomorphism induced by the projections Am © ^4m-l ~ ► 
Am and Am ® A m ± —> A M ±, respectively. By [43l Props. 1.5.1 and 1.6.1], the 
following hold: 

(a) p\ and P2 are isomorphisms. 

(b) Am — A M ± via the isomorphism Jmm± '■= P2 ° P\ ■ 

(c) q M ± o 7 J*] fl = -q M . 

Recall that g € 0(M ± ) induces g G 0(q M ^)- For g G (^(Af- 1 -), we set tp g := 
(7m"m J" 1 ° 3 ° ^i • Then V> 3 G Aut(A M ). 

Lemma 11.1. The automorphism ip g preserves qM, i-&-, ipg G 0(<7m)- 

Proof. The result follows from Condition (c) and the fact ~g G O(qM^)- O 

Assume that M C L^-3 is a primitive 2-elementary Lorentzian sublattice. Recall 
that the isometry Im G 0(Lk3) was defined in Sect. II. 21 In [58l Sect. 1.4 (c)], we 
introduced the following subgroup Tm C (^(Af- 1 -): 

Ta/ := {g\ M ± G O^); 3 G 0(L K3 ), .9 ° Im - Jm ° <?}■ 

Proposition 11.2. The following equality holds: 

T M = 0(Af x ). 

Proof. By the definition of T M , it suffices to prove 0(M X ) C T M - Let 5 G 0(M X ) 
be an arbitrary element. Since M is 2-elementary and indefinite, the natural ho- 
momorphism O(M) — > O(qM) is surjective by [43j Th. 3.6.3], which implies the 
existence of & g G 0(M) with V> 9 = ^- Define g := & g ® g E 0(M © M- 1 ). Then 

(H- 1 ) 7m> °^ = 7m> o ^ =fio 7 ^. 

By (flTTj) and the criterion of Nikulin [43, Cor. 1.5.2], we get g G 0(Lk 3 ). We have 
g o 7 M = 7 M ojon M © M- 1 because for all (to, n) G M © M - 1 , 

50 I M (m,n) = g(m,-n) = (& g (m),-g(n)) = I M {^ g (m), g(n)) = I M og(m,n). 

Since M © M - 1 linearly spans L/f3 <g> Q , we have g o 7m = 7m o g in 0(L^3 ) . Hence 
g G Tm- This proves the inclusion C^Af- 1 -) C Tm- O 



II) 



11.2. A formula for g([M _L d}). 

Lemma 11.3. Let d £ A. M ± . The smallest primitive 2-elementary Lorentzian 
sublattice ofl^Kz containing M © Zd is given by [M _L d] = (M 1 - (1 d ± )' L . 



Proof. Set L :— Zd = Ai. Then [M _L d] is the smallest primitive Lorentzian 
sublattice of h K3 containing AP©P. Since M@L C [M _L d] C [A/ _L d] v C A/ V ®L V 
and hence [M _L d]/(M © P) C [M _L rf] v /(M © L) C A M © A L ^ z' 2 {M)+1 , 
A[Mj_d] = [M _L d] v /[Af _L d] is a vector space over Z 2 . Hence [M _L d] is 2- 
elementary. D 



Lemma 11.4. Let d £ A m j_ . T/ien 
Z([M_Lrf]) = /(A/- L nd- L ) = 



J-n^-J KM X ) + 1 if d€A' M± , 



L /(Af-L)-l if deA;,. 
Proo/. See [IB Prop. 3.1]. □ 

Lemma 11.5. Let d £ A M i . T/ien 

U J; \ g{M) if rfeA;,. 

Proo/. Since r(Af- L n P 1 ) = r(Af-L) - 1 and 

g(M) = {r(M x ) - l(M x )}/2, g([M J_ d]) = MAP 1 n d x ) - J(M x n d x )}/2, 
the result follows from Lemma Til. 41 D 

11.3. The PJ3-graph. In [20] , Finashin and Kharlamov introduced the notion of 
lattice graph Tl for an even unimodular lattice L. When L = 1^K3, the PJ3-graph 
r^ 3 = T^ K3 is defined as follows (cf. [20] Sect. 3]): 

The set of vertices of Tk3, denoted by Vks, consists of the isometry classes of 
primitive 2-elementary Lorentzian sublattices of "L.K3- For a primitive 2-elementary 
Lorentzian sublattice M C Lr- 3 , write [M] £ Vk3 for its isometry class. We identify 
[APj with the triplet (r(M),l(M),S(M)). The vertex [A/] € V K3 is even (resp. odd) 
if 6(M) — (resp. S(M) = 1). In [20], an even (resp. odd) vertex is said to be of 
type I (resp. type II). The set Vk3 was determined by Nikulin [431145] . 

The set of oriented edges of r^ 3 , denoted by P_r- 3 , consists of the 0(L^ 3 )-orbits 
of the pairs (M, [d]), where M is a primitive 2-elementary Lorentzian sublattice 
of L#3 and [d] £ A M ±/0(M J -). The oriented edge represented by (M, [d]) is 
denoted by [(AT, [d])]. Then [(M, [d])] connects the vertices [M] and [M _L d] with 
arrow starting from [M] to [M _L d]. By identifying (AT, [d]) with the divisor 
Hd = 0(M ± ) ■ Hd C L) M ±, there is a bijection between the following sets (i), (ii): 

(i) The edges of Tk3 starting from [M] . 
(ii) The irreducible components of T> M ± . 

By the equivalence of (i) and (ii), two vertices [M], [AP] £ Tk3 are connected by an 
oriented edge of r^ 3 going from [M] to [AP] if and only if there exist 7 £ 0(L^ 3 ) 
and d £ A M ± such that M^im 1 ) 1 - is an irreducible component of T> M ±. 

An edge [(M, [d])} with [d] £ A' M± /0{M^) is called an odd edge. An edge 
[(M, [d])] with [d] £ &" M± /0{M^) is called an even edge. If an even edge [(AT, [d])] 
satisfies Sid- 1 n AP 1 ) = 0, then [(Af, [d])] is called an even Wu edge. If Sid 1 - n 
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At- 1 ) = 1, [(M, [d])] is called an even non-Wu edge. The set Ekz was determined 
by Finashin-Kharlamov [20]. See [20J p.694 Figure 1] for the AT3-graph T K 3- 

Proposition 11.6. The following hold: 

(1) (M, [d]) = (M, [d']) m E K3 if and only if [M _L d] = [M _L d'] in V K3 - 
[2)If[(M,[d])]€E K3 isodd,then 

(r([M J_ d]), 1{[M J_ d}), 5([M J_ d])) = (r(M) + 1, l(M) + 1, 1). 

(3) 7/ [(M, [d])] € 75 K3 is even Wu, then 

(r{[M J_ d]), l([M J_ d]), S([M J_ d})) = (r(M) + 1, J(M) - 1, 0). 

(4) 7/ [(M. [d])] € Ekz is even non-Wu, then 

(r([M J_ d]), l([M ± d]), S([M J_ d})) = (r(M ) + 1, l(M) - 1, 1). 

(5) Tk3 contains no multiple edges. In particular, #[A' M± /0(M )] < 1 and 



M 1 
/n/J/fJ-11 «r- o 



#[A" /0(A7^)]<2 



Proof. The proof can be found in [20J Sect. 3]. For the completeness reason, we give 
it here. We get (1) by [20, Prop. 3.3]. When [(M, [d])] £ 7; K3 is odd, the equality 
r([M _L d\) = r(M) + 1 is trivial, the equality l([M _L d]) = l(M) + 1 follows 
from [2Dj Prop. 3.1], and the equality S([M ± d]) = 1 follows from [3D1 Proof of 
Prop. 3.3], because v4.{ 2 ) is a direct summand of Arjyj_dl- This proves (2). When 
[(M, [d])] G Sif 3 is even Wu (resp non-Wu), the equality r([M _L d}) = r(M) + 1 
is trivial, the equality l([M _L d]) = l(M) - 1 follows from 20., Prop. 3.1], and the 
equality S([M _L d]) — (resp. (5([A7 _L d]) = 1) follows from the definition of Wu 
(resp. non-Wu) edge. This proves (3) and (4). We get (5) by (1), (2), (3), (4). □ 

11.4. The irreducibility of the boundary locus: the case r(A) < 4. The 
following was used in the proof of Theorem 19. II 



Proposition 11.7. 7/r(A) < 4, then 7?a = M* A \ Ma is irreducible. 

Proof. When r(A) = 2, we get A = (A^)® 2 and B A = 0. Assume r(A) > 
3. Let 7 max (A) be the set of maximal primitive isotropic sublattices of A. The 
number of the irreducible components of B\ of maximal dimension is given by 
#[7 max (A)/0(A)] (cf. iM Sect. 2.1]). We must prove that when 3 < r(A) < 4, 

(11.2) #[7 max (A)/0(A)] < 1. 

Since 3 < r(A) < 4, A is one of the following 7 lattices (cf. Table 1): 

U(/c) ffi2 (fc=l,2), (A+) ffi2 ©Af (Z = 1,2), U®U(2), UffiAfffiAi, U®A+. 

Case 1 Assume that A = U(fc) U(fe) (k < 2) or A = (A+)® 2 ® A®' (I = 1, 2). 
Since there exist an indefinite unimodular lattice A' and k £ Z>o with A = A'(fc), 
we get (|TO|) by gH Prop. 1.17.1]. 

Case 2 Assume that A = U ffi A± . There exist isomorphisms il^ = Sj and 
+ (A) = SL2CZ) such that the + (A)-action on fi^ is identified with the projective 
action of SL^iTi) on F) via these isomorphisms (cf. [THl Th. 7.1]). Hence Ai\ = 
SL 2 (Z)\f) = C and M* A \ Ma = {+ioo}, which implies (|11.2|) in this case. 
Case 3 Assume that A = U® U(2) or A = U© A+ © Ai. Let 7 C A be a primitive 
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isotropic sublattice of rank 2. Let {ei,e2} be a basis of L. Extending this basis of 
L, we get a basis {ei, e2, e3, 64} of A with Gram matrix G as follows: 

G = ({*i,*i))i<ij<A = (° i), A = ( J °Y B G A/ 2 (Z), *B = B. 



A B ) ' \° 2 , 

Set e^ := e3 + ae,\ + /3e2 and e' 4 := e4 + 7ei + 5e2, where a, j3,j,S € Z. The Gram 
matrix of A with respect to {ei, e2, e 3 , e^} is given by 

G , = (0 A \ c _ ( 2a 7 + 2/3 



A B + C) ' ^7 + 2/3 4(5 

Since A is even, we can write (e4,e4) = 4k or 4fc + 2. We set a := — (e 3 ,e 3 )/2, 
/3 := 0, 7 := -(e 3 ,e 4 ) and 5 := -2k. Then we get B + C = O if 5(A) = (i.e., 
(e 4 ,e 4 ) = mod 4) and B + C= (° ") if (5(A) = 1 (i.e., (e 4 ,e 4 ) = 2 mod 4). This 
proves the existence of a basis {e^, e 2 ,L, ^l, e 4i L} of A with L = Zei^ + Ze 2 x, 
such that the Gram matrix of A with respect to this basis is of the form (° B ) . 
Here A = (J °), B = O if 5(A) = and B = (° °) if 5(A) = 1. If V c A is another 
primitive isotropic sublattice of rank 2, then we get an isometry of A sending L to 
V by identifying the basis {ei ;£ ,e 2 ,L, e 3 x,e 4iL } and {ei,z/, e 2:L ',e 3iL ',e4 iL /} via 
the map e^i, i-> b^ll This proves (|11.2p . D 
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